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
#vŁf1SUQ!{op1Q&fP Q5vowCkxORTVSffTVSffkVO1i!kCi=fRpPtQjlTs#im&vt2Pp1k}i!kgTVvŁf+1voQ!S7fPvok1&vŁfRQj qQ<
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  ! 
hPj v!WPmuQ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kVO1i!kR1v5Q:TsSUkgŁkxORQf1i!kgp1j|QvowRkVOPQ
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` (z) + i dh
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` (z)/dz
j`(z) + i dj`(z)/dz
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f1PT fP (i RQ(kv+fPvŁfPmsT fRQ!ij kVOPQ!voj TsQ!SJT f k (v (i!XS
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Ψ
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qQ&fPQ!vpCSzkgQj t T f8kxORQ:Q!{opCi!kTsvŁfRifflQwgw}Q kgT RQffSvp1j  QkQj|tVNROPQj|QGTVS
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q
w~voj7kVOPQWPvpRf11i!j Xfl#vŁf1PTskgTVvŁf1S
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f1vokVOPQjMkQOFfRTV{op1Q:t2pCSUkqWRQGpCSUQ!H
egf 8Q 8k}vŁf }y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kv(t+i/dQJmuT fPQ!i!j:i!P1j v:TutikgTVvŁfPS:w}voj L
if1
σeff
 C{opCi!kTVvŁf

  ,-kVOPQ&fflki/-Q!SkVOPQw}voj t
L[Ψn](Ψ) + (Ψ−Ψn)×
[
∂L[Ψ]
∂Ψ
]
Ψ=Ψn
(Ψn) = σeff [Ψ
n] + (Ψ−Ψn)×
[
∂σeff
∂Ψ
]
Ψ=Ψn
.
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kVOPQ
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Ψstnd =
∑
`
∑
m=even
2mΩY ∗`m(pi/2, 0)Y`m(θ, ϕ)j`(mΩr<)n`(mΩr>) .

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f18vp1k-voT f1/i!t21msTskxpC1Q (i FQ!Sl
if1vŁfRQ)tTVORkMSlpCSl1Q kPkVO1i!kPkxORTVS`1j v1QjlkxXflSlp1wrP Q!S`kv$PQrFfRQSUkifP1T f1 (i RQ!S7w~voj7i=f1vŁfRmsT fRQ!ij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j`(mΩr)j`(mΩa)
kvkxORQ
`,m
t+vqPQ flTskVO1vp1kFOPifPdT f15kxORQ7WPimVifP Q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f1PT fP- (i RQ Svomup1kgTVvŁf C{ 

- 5Y Cegf+Q!iOt2p1mskT CvomsQPkVOPQ/Svomup1kgTVvŁf TVSGj Q
{op1Tsj|Q!flkv)O1i RQGkVOPQGtT fPTut2pPt (i RQit1msTukgpCPQvowRifRX$Svomup1kgTVvŁf flTskVOJWPi!mVifR#Q!T f1dvoT f1JifPflvp1k}dvoT fP
(i RQ!S   flB 3
NROPTVS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Ψstndcomp =
∑
Q FQ&f
`
∑
m=0,±2,±4..
α`m(r)Y`m(θ, ϕ) .
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α`m(r)
i!j Qfl#vtPp1kgQ! w}j vt
Ψcomp
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α∗`m = α`−m
i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f1PT fP  (i RQSlX-t2tQkgj X

cosmϕ
vŁfPm X#!f1v
sinmϕ
kgQj tSFkVOPQX flTsmsmdi!mVSv v!WRQX
α`m = α`−m
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Ψstndlin =
∑
Q RQ&f
`
∑
m=0,±2,±4..
Y`m(θ, ϕ)
[
1
2 C`mh
(1)
` (mΩr) +
1
2 C
∗
`mh
(2)
` (mΩr)
]
,
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Ψexout =
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Q FQ&f
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∑
m=0,±2,±4..
Y`m(θ, ϕ)C`mh
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4
.

- Ł

9@Q flTumsmM#vttQ&fPk1WRQmVv  vŁf kVOPQJPTswwQj Q&fR#QGWPQk flQQ&f kVOPTVSO1voTs Q$if1@kVO1i!k
t+iPQ5T f 1j Q FTVvpCS (vojq
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∂x˜
)
= −Ω
(
Z˜
∂
∂X˜
− X˜ ∂
∂Z˜
)
.

  B
 p1jMfPvŁfPmsT fRQ!ijSU&i!mVi!j
rPQmVflQ!{opCikgTVvŁf(vow C{ 

  q&ifflkVOPQ&fJWRQ flj TskkgQ&fRw}vojMOPQmsTu&i!mdSlXdttQkgj X iŁS
LΨ + λF = ∂
2Ψ
∂X˜2
+
∂2Ψ
∂Y˜ 2
+
∂2Ψ
∂Z˜2
− Ω2
(
Z˜
∂
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√
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√
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i!j Q RQj|X@&vt2Pp1k}i!kgTVvŁf1i!msmuX T fRkQ&fPSUT RQMQ!Sl1Q TVimumuX@Rp1QkvkxORQ8SUT fPqp1msij TskgX i!k
Θ = pi/2
w~voj
χ/a ≤ 1 Mi
SUT fPqp1msij TskgXkxOPik
t2pCSUk1WRQJ#ifP QmsQ! T f kxORQ/1j v54sQ kTVvŁf T fPkgQ!djlimsSffWFXkVOPQ/O1voTs QvowzkVOPQ flQTVOPk
wpRfP kgTVvŁf
W (χ,Θ)
egfkj TVi!mVS flTskVO+kVOPQ5msT fPQ!i!j71j v!WRmsQtif1T f&vt2Cij TVSvŁf1S flTskVO+kVOPQofPv  f@Q:oi! kMif1S 8Qjg flQ
O1i FQw~vpRfPkxOPik-i!#p1jUi! X5vowkVOPQG#vtPp1kgQ!rPQmVTVS
Cvqvoj1pRfPmsQ!SSkVOPQGT fPkgQ!djlimsSij|Q1vŁfRQ RQj|X51j Q TVSUQmuX
 SUQ#vŁf1R{op1TskQ1TsSUkT fR#kxF1TuwrPp1mskxX8TVSj|QmVikgQ!2kvkVOPQ)1j v54sQ kTVvŁf+ik1kVOPQ5vp1kgQj
W1vpRfP1ij|X/  fvp1k}dvoT fP
WPvpRf11i!j X#vŁf1PTskgTVvŁfJTVSMi!P1msTuQ!/kv
a`m
w~voj
` > 0
ŁNROPQ7jUi1TsikgT FQt+vtQ&fRk}SlOPv flQ FQjg!i!j|Qtp1OSltimumsQj
kVO1if+kVOPQt+vŁfPvCvomsQ t+vtQ&fRk
a00
hPjlv54sQ kgTVvŁf vowi
a`m
tvtQ&fPk flTskVO
` > 0
flTsmsmqWPQ5#vŁfPkitT fPikgQ!(WRX
kVOPQ=t2p1O2mVi!j dQjMt+vŁf1vCvomuQ)t+vtQ&fPk
a00
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O1i FQGw~vpRf1flkVOPTVSk}v:WRQiG1jlv!WRmsQt Q FQ&f8T f(kxORQ=SUT t1msQ!SUk

SUkikgTs7msT fPQ!i!jUdt+vqPQmVS
9@Q)O1i FQpCSUQ!+if+imskgQj|fPikgT FQ i!P1j vqi!O2kv8t2p1mskgTuCvomsQ/PQ&vt2CvqSUTskTsvŁfBifPtp1mskgTuCvomsQ rPmskgQjlT fPoPif
iP1jlvqi!O2kVO1i!kCdT RQ!SQ:Ł#QmsmuQ&fPk1j Q!Slp1muk}Sffw}voj`kVOPQ)fPvŁfPmsT fPQ!i!jSU#imVi!jzt+vqPQmVSGif11j vtTVSUQ!Skv5WRQ5SUTutTsmVi!jlmuX
pCSUQwp1mdT fqjUi FTsk}i!kgTVvŁf1i!mqt+vqPQmVSfPPQjlmuX-T fPJkVOPTVS`i!P1j vqiOflTVS7kxORQ)#vŁfP Q1kRkVO1i!kPkxORQif1op1mVi!j
f1i!kgp1j|Q:vow
kVOPQGtp1mskgTuCvomsQ#vtCvŁfRQ&fPkS`vowkxORQ:jliŁPTVi!kgTVvŁf8rPQmV8TVSPQkgQj tT fPQ!/WFX$nd) v1QjlikgTVvŁfPSlT fCij kTsp1mVi!jRWFX
kVOPQ$nd)KTut21msQtQ&fRk}i!kgTVvŁf vowzkVOPQCECi!1mVi! TVif)NPORQ/1j v1QjlkgTsQ!S:vowzkxORQSlRORQjlTs#imROPij|t+vŁfPTu&S)kVO1i!k
ti6dQ
kVOPQt pCSUQwp1mdT f2kVOPQ:&vŁfRkT fFpPpPtPQ!SU jlTu1kgTVvŁfvowPjUiPTVi!kTVvŁf(TsS`ki6dQ&f2v FQjgT f2n-=#vtPp1ki!kTVvŁfPSlWFX8kVOPQ
QTVqQ&f FQ k}vojlS7vowFkxORQGn-= EMi1mVi!#Tsif
Nov5Tut21msQtQ&fRkFkVOPTVSTVPQ!i flQ:SUk}i!jlkWFX FTsQ flT f1JkVOPQqj TV Ri!mup1Q!SzvowRkVOPQ:SU&i!mVi!jMrPQms
Ψ
vŁf2i#vŁf1SUkifRkP
χ
Slp1jlw}i QiSzi FQ#kvoj
Ψ
 OPvqSUQ&vt2CvŁfPQ&fPkSffi!j|Qfft+vqSUkR#vŁf FQ&fPTuQ&fPkgmuX$Q:1j Q!SSUQ! flTukxO(i:1vpWRmsQT f1PQ:
Ψij = Ψ(Θi,Φj) .
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DQj|Q
Θi
if1
Φj
i!j Q)kxORQ Ri!mup1Q!SGvŁf@kVOPQ
Θ,Φ
qjlTV flTskVOBSlCi!#T fPdS
∆Θ
ifP
∆Φ
ffe}kCw~vomsmsv (S:kVO1i!k
Ψ
TVSGi
FQ#kvoj
T f2i:SlCi!#QvowPPTutQ&f1SUTVvŁf
N ≡ nΘ × nΦ 
egf8kxORQ
Θ,Φ
#vŁfPkgT fRpPpPt2okVOPQ:if1op1mVi!jMCi!jlkvowRkxORQUECi!1mVi! TVif8ik
χ/a 1 TVSzkxORQ=v1Qjlikvoj
∇2ang ≡
1
sin Θ
∂
∂Θ
[
sinΘ
∂
∂Θ
]
+
1
(sin Θ)2
∂2
∂Φ2
.

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egfi5nd)EkVOPTVSTsSffj Q1msi Q!8WFX(ifv1QjUi!kvoj7T f+kVOPQ
N
~PTutQ&f1SUTVvŁfPimRSlCi QvowMifPop1mVij`qjlTV Ri!mup1Q!S  p1j
QTVqQ&f1Sl1Q kgjUi!mtQkVO1vqflTVSMW1iSUQ!8vŁf(rFf1PT fPJkVOPQGQTVqQ&fRQ k}vojlSvowRkxORTVS
N
~PTutQ&fPSUTVvŁf1i!m-v1QjUi!k}voj 
NROPQ
i, j
#vtCvŁfRQ&fPkPvowkxORQGQTVqQ&f FQ#kvoj 8TsmsmO1i FQGkxORQGw~voj t
Y
(k)
ij
 OPTuO(S OPvp1mVJWPQi:dvqvqfli!P1j v:TR
t+i!kgTVvŁfkv$SvtQ
Y`m(Θi,Φj)
qT; Q<dkv$SvtQ=&vŁfRkT fRpPpPt SlRORQjlTs#i!mqOPij|t+vŁfRTsQ Pi!mupCi!kQ!(ik1qj TV(CvoT fRk}S

exf+1jUi! kTs QflQ (vojvŁfPm X flTskVO j|Q!imRQTsdQ&fRQ kvojUSGkxOPik
ij|Q iP1jlv:ŁTut+i!kTsvŁf1Skv8fPvoj t+i!msTŁQ!@j Q!i!mRif1
TutiŁqT fPij|XCi!jlkS:vow
kxORQ$qjlTs'Q Pi!mupCi!kQ!+SlRORQjlTs#i!mPOPij|t+vŁfRTs&S 8egf ndTV - @J&vŁfRkT fFpPpPtSlROPQjlTu&i!mFO1i!j
t+vŁfRTs#S5ij|QJ#vtCi!j|Q!Bkv2kVOPQQTVqQ&fRQ k}vojlS)w~vpRfP w~voj:i8qjlTs flTskVO
nΘ × nΦ   16 × 32 vŁf if if1op1mVi!j
1vt+i!T f
0 ≤ Θ ≤ pi/2  0 ≤ Φ ≤ pi   S=tTsoORkzWRQQ:1Q#kgQ!RMkVOPQiŁqj|QQtQ&fPkMWRQk flQQ&f QTsdQ&fRQ kvoj
if18&vŁfRkT fRpPpPt wpRfR#kgTVvŁfflTsS7{op1TskgQ:dvqvq  ORQ&fflkVOPQSU#imsQGw}voj
O1if1qQvowRkVOPQG#vŁfPkgT fRpPpPt wgpRfP kTsvŁfflTVSzmVvŁf1
B!
#vtCi!j Q!kv/kVOPQ:SlCi!#T f1:WRQk flQ&ffldj TV8CvoT fPkS
NROPQ/QTVqQ&f Rim p1Q!Sw}vpRf1 w}vojkVOPQPTVSU j|QkQ if1 &vŁfRkT fFpPpPtEif1op1mVi!jGECi1mVi TVif1Si!j Q T fBdvqvq iqj QQ
tQ&fRkw~vojSlt+i!msmPQTVqQ&f Rim p1Q!Sn-vojGkxORQ/1TsSU#j|QkQ1j v!WRmsQt flQJPQrFfPQ/if@QwwQ#kgT FQ)tp1mukTuCvomuQ$T fP1Q:
`
T f
kVOPQv!WFTVvpCS (iX#!WRX(SUQkgkgT f1 −`(`+ 1) Q!{opCim-kv$kxORQQTVqQ&f Ri!mup1Q)w}voj7Q!i!O(QTVqQ&f FQ#kvoj   #vtCi!jlTVSvŁf
TVSGqT FQ&fT f+ndTV <- B vowCkxORQT fPkgQ!qQjff#vŁfPkgT fRpPpPt Pi!mup1Q!Sffvow
`
if1kVO1vqSUQ5w}vpRf1+w~voj`i
16 × 32 qjlTV+vŁfkxORQ
j|Q!dTsvŁf
0 ≤ Θ ≤ pi/2  0 ≤ Φ ≤ pi   fRmsTRdQGkxORQSlROPQj Ts&i!mŁOPij|t+vŁfPTu&SlŁkxORQGQTVqQ&f FQ#kvojUSzi!j|Q`f1vokF1Q!qQ&fRQj
i!kQŁSv5kxORQj QTVSi:Slt+i!msmdjUif1qQvow
`
Rim p1Q!S7vowFkxORQ:QTsdQ&fPSl1Q#kgjUi!mtQkxOPvq2#vojlj|Q!SlCvŁf1PT f1 kv Q!i!O
`
vowRkVOPQ
#vŁfPkgT fRpPpPt 1jlv!WRmsQt n-vojkVOPQPTVSU j|QkQ=v1QjUi!k}vojkVOPQ=QTVqQ&f FQ#kvojUSPn-voj7vp1j71j v!WRmsQt kxORQvokVOPQj7ifPop'
mVi!jj Q!qTVvŁfPSij|Q:j QmVi!kgQ!WFXflSlXdttQkj|X/
NROPQ!SUQ)SlX-t2tQkgjlTsQ!SffimVSvJQmsTutT f1i!kQkVOPQvqC Pi!mup1Q!Sffvow
`
vtTskgkQ!
w}j vt ndTV fl  B 1NPORQr1op1j QS O1v (SkVO1i!k1w~voj7Slt+i!msm
`
kxORQj Q=TVSGdvqvq+iŁqj|QQtQ&fPk-WRQk flQQ&fkxORQ5PTVSU#j|QkgQ)if1
#vŁfPkgT fRpPpPt QTsdQ&fPi!mup1Q!S 1Q&ipCSUQvowMkxORTVS flQ#ifj|Qw}Qjk}v$tvŁf1vCvomsQF{opCiŁPjpPCvomsQqOPQ:iŁPQ#i!CvomsQ?
QTVqQ&f FQ k}vojlS 8TskxOPvp1kPitflWRTVop1TskxX/
ndTVop1j Q   @ MNRORQ5QTVqQ&f FQ#kvojUSGw~vojffi
16 × 32 qjlTV@&vt2Cij|Q!kvflkVOPQ #vojlj|Q!SlCvŁf1PT fPfl#vŁfPkgT fFpPpPt QTVqQ&f8
wpRfR#kgTVvŁfPSlokVOPQ=SlROPQjlTu&i!mO1i!j tvŁfPTs#S-NROPQ#vŁfPkgT fRpCvpCS7 p1j RQ!SS O1v  kVOPQ=SlROPQj Ts&i!mO1i!j tvŁfPTs#S kVOPQ:1i!k}i
CvoT fRk}S7ij|QkVOPQ#vtCvŁfPQ&fRk}S7vowRkVOPQQTVqQ&f FQ k}vojlS
egfJkVOPQfftikVOPQtikgTs#S
vowdkVOPQGqjlTsSlCi Qk (v FQ k}vojlS
Fij
ifP
Gij
ij|Qk}i/dQ&fkvOPi FQifJT fFfRQjC1j vqRp1#k
F ·G ≡
nΘ∑
i=1
nΦ∑
j=1
FijGij sin(Θi)∆Θ ∆Φ .

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9 TukxO(SvtQG&i!j|Q!PQk}i!TsmsQ!T f

P1Q&f1PTR: -  flQG&if8#vŁf1SUkgjp1#k-kxORQGnd) if1op1mVi!jHECi1mVi TVifkvWRQSUQmsw3
i(4svoT fPk flTukxO j|Q!Sl1Q#kMk}v(kxORQJT fFfPQj1j vqRp1#kMT f C{?

  flBŁ NROPTVS=qpCi!jUifPkgQQ!SGkxOPik
kxORQJQTVqQ&fRQ k}vojlS:#if
WRQO1vqSUQ&f+kv5WRQ5voj kxOPvq-vŁfPim* 9@Q5#vt1msQkgQkVOPQ if1i!mVvqoXflk}v$kVOPQ SlRORQjlTs#i!m-O1i!j tvŁfPTs#SWFXflOPvqvqSUT f1flkVOPQ
B/
QTVqQ&f FQ k}vojlSkv:WRQfff1voj timuTQ!RSv5kxOPik flQffO1i RQ
nΘ∑
i=1
nΦ∑
j=1
Y
(k)
ij Y
(k′)
ij sin(Θi)∆Θ ∆Φ = δkk′ .

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9 TskVO@kxORQ!SUQ/1QrFfRTskgTVvŁf1S
flQ#ifJf1v  fljlTukQ:iGtp1mskgTuCvomsQ:Q:ŁCif1SUTVvŁffliŁS
Ψ(χ,Θi,Φj) =
∑
k
a(k)(χ)Y
(k)
ij ,

- ,Y
flTskVO
a(k)(χ) =
nΘ∑
i=1
nΦ∑
j=1
Ψ(χ,Θi,Φj)Y
(k)
ij sin(Θi)∆Θ∆Φ.

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ndTVop1j Q   B NROPQ
`
Pi!mup1Q!S1vowkVOPQ`PTVSU#j|QkgQzifPop1mVij?EMi1mVi!#Tsif5vŁf/i
16×32 qjlTs #vtCi!j|Q! 8TskxO/kVOPQT fRkQ!qQj
`
Pi!mup1Q!SGvowkVOPQ/#vŁfPkgT fRpPpPt if1op1mVi!jGECi!1msi TVifHffNROPQ QTVqQ&f FQ#kvojUSvowzkVOPQ/PTVSU j QkgQ ifPop1mVij ECi!1mVi! TVif
i!j Qf1vok7PQ!qQ&fPQjlikgQPSviJ#mupCSUkgQjvow7SUQ RQjlim
`
Pi!mup1Q!S:vowkxORQ$QTVqQ&f1Sl1Q kgjUi!m1tQkxOPvq #vojlj|Q!SlCvŁf11S:kvi
SUT fPdmuQ
`
Rim p1QvowRkxORQ&vŁfRkT fFpPpPt 1jlv!WRmsQt
NROPQtp1mskgTuCvomsQ)rPmskQj T f1JkxOPik (iSkxORQ=t+vokgT RikgTVvŁfw~vojzkVOPQ=T fPkgjlvqRp1 kTsvŁfvow1kVOPQ)Sl1Q#kgjUi!m-1Q#vtCvqSUT
kgTVvŁfBTVS=Tut21msQtQ&fRkQ!BSUTut1m X(WFXmsTutTskgT f1kVOPQ/kQj|t+S:T fP mupCPQ!BT f kVOPQ$SlpPt T f C{?

  fiYŁ :yi!kVOPQjGkVO1if
T fR#mupCPQfli!msmQTVqQ&fRQ k}vojlSlzvŁfRmuX kxOPvqSUQ 8TskxO
` < `max
ij|Q$T fR#m pC1Q!H 7T fP Q8kxORQflPTVSU#j|QkgQ
`
S5i!j Q fPQ FQj
mVi!jlqQjGkVO1if kVOPQJ&vŁfRkT fRpPpPt
`
SlMiO1voTs Q
`max = 5
tQ!ifPS=kVO1i!k7kVOPQ/t+vŁfPvCvomsQz{opCi1jpPCvomsQMif1 vo
kxpPCvomsQ kQj|t+Sl8TskxO
` ≈ 0, 2, 4 i!j Q5T fP mupCPQ!LffNROPQ Qwgw}Q kCvowkxORQ QTVqQ&f1Sl1Q kjlimFtQkxOPvq i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t!Tukkxp1j|fPS7vp1k-kvWPQG#vŁf FQ&fPTuQ&fPkFkv
PT FTVPQGkxORQ=voj TVqT f1i!m (i RQQ!{opCi!kTVvŁf/WRX
Q/χ2
 $OPQj|Q
Q ≡
√
a4 + 2 a2χ2 cos(2Θ) + χ4 .

-    
NROPQj|Q!Slp1mskTsS
LΨ ≡ χ2Q−1 (∇2 − Ω2∂2ϕ)Ψ = A ∂2Ψ∂χ2 +B ∂2Ψ∂Θ2 + 2C ∂2Ψ∂χ∂Θ +D ∂Ψ∂χ +E ∂Ψ∂Θ ,  - ŁŁ
 ORQj Q
A = 1− Ω2 a
4 sin2(2Θ)
Q

- q
B =
1
χ2
[
1− Ω2
(
a2 cos(2Θ) + χ2
)2
Q
]

- 
C = −Ω2 a
2 sin(2Θ)
(
a2 cos(2Θ) + χ2
)
Qχ

- 6
D =
1
χ
[
1− Ω2 a
2
(−a2 + 3 a2 cos2(2 Θ) + 2χ2 cos (2 Θ))
Q
]

- />o
Y/
E = +Ω2
2a2
(
2 a2 cos(2 Θ) + χ2
)
sin(2 Θ)
Qχ2
.

- 6@
PX21T RTVPT fP(kVOPj vpCO2WFX
Q
8Q)O1i RQPp1kMkxORQ(i RQ5Q!{opCi!kTVvŁf+T f i5w~voj|t T f  ORTsO@kxORQ5&voQwgrP TsQ&fPkSGij|Q
Θ
}T f1PQ1Q&f1PQ&fPk`T fkxORQ
Ω → 0 msTutTsk  9 TukxOkVOPQSUkif11ij  tQkVO1vqR7pCSUQ! WRQmVv :7w~voj1j v54sQ#kgT fP vp1k
tp1mukTuCvomuQ&vt2CvŁfPQ&fRk}SvowdkVOPQ (i FQffQ!{opCi!kTsvŁfR!kVOPTVSM1j v1QjlkxX5vowdkVOPQ`&voQwgrP#TuQ&fPkSCtQ!if1SCkxOPikqkVOPQ7tTR:ŁT f1
vowRkVOPQGtp1mukTuCvomuQ!S#ifJWRQ1Tuj Q km X$iSU jlT WRQ!8k}v5kVOPQj vok}i!kTsvŁfH
9@Qfff1v  Q:CifPflkVOPQ:SUkifPPT f1 (i RQSvomup1kgTVvŁf
Ψ(χ,Θ)
iŁS
Ψ(χ,Θ) =
N∑
n=0,2,4...
an(χ) cosnΘ ,

  6B
if1flvp1jQ!{opCikgTVvŁf$WRQ#vtQ!S
N∑
n=0,2,4...
[
A
d2an(χ)
dχ2
− n2B an(χ) +D dan(χ)
dχ
]
cosnΘ
−
[
2nC
dan(χ)
dχ
+ nEan(χ)
]
sinnΘ .

  
hPj v54sQ#kgT fP flTskVO
∫ 2pi
0 sinmΘ · · · dΘ
!qT FQ!SŁQj vffWFX SlXdttQkj|X 1jlv54sQ kgT f1 8TskxO
∫ 2pi
0 cosmΘ · · · dΘ
!qT FQ!S
N∑
n=0,2,4...
αmn
d2an(χ)
dχ2
+ βmnan(χ) + γmn
dan(χ)
dχ
= 0 m = 0, 2, 4 . . . .

  YŁ
 ORQj Q
αmn ≡ 4
pi
∫ pi/2
0
cosmΘ cosnΘ[A(χ,Θ)] dΘ

    
βmn ≡ −n2 4
pi
∫ pi/2
0
cosmΘcosnΘ [B(χ,Θ)] dΘ
−n 4
pi
∫ pi/2
0
cosmΘsinnΘ[E(χ,Θ)] dΘ

- Ł
γmn ≡ 4
pi
∫ pi/2
0
cosmΘ cosnΘ[D(χ,Θ)] dΘ
−2n 4
pi
∫ pi/2
0
cosmΘ sinnΘ [C(χ,Θ)] dΘ .

- Ł
9ORQ&fkVOPQ)Q:Ł1msTs TskCQ:Ł1j|Q!SSUTVvŁf1S`w~voj
A

E
dT f C{dS

  o

  /@oxij|Q=pCSUQ!T f=C{dS

-   Ł

  Łx
kVOPQj Q!Slp1muk}Szi!j Q
αmn = mn − Ω2 a4 4
pi
∫ pi/2
0
cosmΘcosnΘ
sin2(2Θ)
Q
dΘ

  &o
βmn = −n
2
χ2
mn +
4
pi
Ω2
χ2
[
n2
∫ pi/2
0
cosmΘcosnΘ
(
a2 cos(2Θ) + χ2
)2
Q
dΘ
Y>
−n
∫ pi/2
0
cosmΘsinnΘ
2a2
(
2 a2 cos(2 Θ) + χ2
)
sin(2 Θ)
Q
]

- A
γmn =
1
χ
mn +
4
pi
a2Ω2
χ
[
−
∫ pi/2
0
cosmΘcosnΘ
(−a2 + 3 a2 cos2(2 Θ) + 2χ2 cos (2 Θ))
Q
dΘ
+2n
∫ pi/2
0
cosmΘsinnΘ
sin(2Θ)
(
a2 cos(2Θ) + χ2
)
Q
dΘ
]

- ,>o
 ORQj Q
mn ≡ δm+n,0 + δm,n =

2
Tuw
m = n = 0
1
Tuw
m = n 6= 0
0
Tuw
m 6= n
.

- A@
NROPQGT fRkQ!qjlimVS
fRQQ!1Q!8T f M{dS

  Ł&o 

- ,>oi!j|QGimumdvowFkVOPQw~voj|t
I =
∫ pi/2
0
cos (2PΘ) sin (2JΘ)
Q(χ,Θ)
dΘ

  AB
 ORQj Q
P
if1
J
ij|Q/T fPkgQ!qQjUS 9 TukxO kj TVdvŁf1vtQkgjlTu/Ts1Q&fRkTukTsQ!Sl
if1 flTukxO kxORQSlpWPSUkgTskgp1kgTVvŁf
x = sin Θ

Slp1OflT fPkgQ!qjUi!mVSz&if(i!msm!WRQQ:Ł1j|Q!SSUQ!T fflkgQj tS7vowFT fPkgQ!qjUi!mVSvowFkVOPQw~voj|t
KN (k) ≡
∫ 1
0
xN√
1− k2x2√1− x2 dx ,

  !
 ORQj Q
k ≡ 2aχ
a2 + χ2
.

- /YŁ
n-vojkxORQ=T fRkQ!qjlimVS7T f C{?

  ŁABvŁfPmuXQ RQ&f Rim p1Q!S`vow
N
i!j|QGfRQQ!PQ!(w}voj KN   msmSlp1O2T fRkQ!qjlimVS#if$WRQ
Q RimupCi!kgQ!T fflkgQj t+SvowRkVOPQ#vt1msQkgQQmsmsTu1kgTs`T fPkgQ!qjUi!mVS  x5Y x
K(k) ≡
∫ 1
0
1√
1− k2x2√1− x2 dx E(k) ≡
∫ 1
0
√
1− k2x2√
1− x2 dx .

    
Nov:pCSUQffkVOPQQmsmuTu1kTu7T fPkgQ!djlimsSMkv)Q Pi!mupCi!kQ7kVOPQ KN (k) !w}vojMQ FQ&f N  flQGSUkij k flTskVOkVOPQj|QmVi!kTsvŁf1S OPT 

w}voj
M ≥ 0 
0 =
∫ 1
0
(d/dx)
[
x2M+1
√
1− k2x2
√
1− x2
]
dx
=
∫ 1
0
x2M
[
(2M + 1)− (2M + 2)(1 + k2)x2 + (2M + 3)k2x4]√
1− k2x2√1− x2 dx .

  &Ł
NROPTVSqT FQ!SpCSkVOPQj|Q p1jlSUTVvŁfflj|QmVi!kTVvŁf
(2M + 1)K2M (k)− (2M + 2)(1 + k2)K2M+2(k) + (2M + 3)k2K2M+4(k) = 0 .

  q!
Y/@
9@Q of1v  kxOPik
K0(k) = K(k) ,
if1 flQ&ifflQ!iSUTsmuXJS O1v  kVO1i!k
K2(k) = 1
k2
[K(k)−E(k)] ,
Sv imum Pi!mup1Q!Szvow K2M (k) w}vomsmVv  w}j vt kVOPQj|Q p1jlSUTVvŁfflj|QmVikgTVvŁf
CQj XBQwrP TsQ&fRkff#vtPp1kikgTVvŁf w~vomumVv (SJwjlvt kVOPQflj|Q!Slp1mskSJi#WPv RQ<  kffiqT FQ&f Pi!mup1Q(vow
χ
ffvŁfRmuX k (v
T fRkQ!qjUi!mzQ RimupCi!kgTVvŁf1S)t2pCSUkzWRQ(CvŁfRQzkVO1vqSUQflw~voj
K(k)
if1
E(k)
  msm Rimup1Q!S5vow K2M (k) kVOPQ&fDw}vomsmVv 
w}j vt kVOPQ(j Qp1jUSUTVvŁf j|QmVi!kTsvŁfR7if1 OPQ&fP Q2imsm Rim p1Q!SJvow
αmn

βmn

γmn
&if WRQ2w}vpRf1ikfPQ!qmsTVqT WRmsQ
#vtPp1kikgTVvŁf1i!mqQ:Ł1Q&fPSUQ<
DQj|Q flQ`pCSUQkxORTVS
tQkVO1vq8vŁfRmuX/k}vTumsmupCSUkgjUi!kQT tCvojlkifPkdQ&fRQjUi!mŁTsSSlp1Q!SqNv=t+i/dQkxORTVSTsmsm pCSUkjlikgTVvŁffliS
 msQ!ijMiSMCvqSSUT WRmsQ flQGki6dQkVOPQGSUT t1msQ!SUkdf1vŁfPkgjlT RTVi!mo#iŁSUQvowkVOPQt2p1mskT CvomsQGQ:ŁCif1SUTVvŁf  8QGdQQflvŁfPmuXJkVOPQ
n = 0
ifP
n = 2
kgQj t+S  V	  VoSv5kVO1i!k
Ψ(χ,Θ) = a0(χ) + a2(χ) cos 2Θ .

  
NROPQQ!{opCi!kTsvŁf1SGT f C{ 

  YŁgokVOPQ&f+PQ!SU#j T WRQkxORQT fRkQjli kTsvŁf@vowCkxORQt+vŁf1vCvomuQ
a0(χ)
if1+{opCi1jpPCvomsQ
a2(χ)
kQj|t+S8nvoj
χ/a  1 if1 χ/a  1 kVOPQ8kgQj tS)kxOPiktT:kVOPQ$t2p1mskT CvomsQ!S 1TuQ8voww Tsk7TVS5vŁfPm X T f
kVOPQ)kgjUif1Si! kTVvŁf(j|Q!qTVvŁfR
χ/a ∼ 1 kVO1i!kPkxORQj Q:TVS`SUkj vŁf1JtTR:T f1vow1kVOPQtp1mskgTuCvomsQ!Sl-i=tTR:T f1kVO1i!kRw~voj7vp1j
1j v!WPmuQtTVS{opCiŁPjlikgTs:T f@kVOPQ/Svp1j  QFQmVvo#TukgX
aΩ
ffNROPQ1j vo#Q!SSGvow
kxORQJqQ&fRQjUi!kTVvŁf+vowjUiPTVi!kTVvŁf&if(WRQ
FTsQ flQ!fliŁSzkVOPQ:qjlv 8kxO(vow
a2
wjlvt kxORQ=SltimumR
χ
fPQ!i!j}Svp1j  Qj|Q!qTVvŁfflkv kVOPQmVi!j dQ
χ
jUi1TsikgTVvŁfflj|Q!qTVvŁfH
egffl1j T fP Tu1msQokxORQ=msT fPQ!i!jSUk}if1PT fP (i RQ1jlv!WRmsQt #vp1mV$WPQ=Svom FQ!8WFXT fR#m pC1T f1i)kgQj t
as sin(2Θ)

msQ!iPT f1kv+if iCPTskgTVvŁfPim
SUQ&vŁfP'}vojlPQj:PTswgw}Qj|Q&fPkgTVim1Q!{opCi!kTVvŁf

k7SvtQ8T fFfRQjWPvpRf11i!j X
χmin  a
kVOPQ Pi!mup1Q!SG#vp1mVWRQ/Sl1Q TsrPQ! w}vojGi!msmRtp1mskgTuCvomsQ!SlPifPBi!kSvtQ$vp1kgQjWPvpRf11i!j X
χmin  a 1i w~i!msm1vowgw
#vŁf1PTskgTVvŁf#vp1mV8WRQ=Sl1Q#TurPQ!w~voj
a0
Pexf1dvoT fP8voj`vp1kdvoT f18#vŁf1PTskgTVvŁf1S`&vp1mVWPQpCSUQ!kvJj|QmVi!kQ
a2
if1
as

e}kTVSCQ!iSUTsQjxif1 t+voj|Q`T fPSUkjp1 kT FQkv:pCSUQ`ifPvokxORQjCi!P1j vqiO kv:rFfPPT f1)kVOPQffSUk}if1PT fP  (i RQ`Svomup1kgTVvŁfR
kVOPQtT fRTutpPt it1msTskxpCPQ:tQkxOPvq(1j|Q!SUQ&fPkgQ!(T f(h1i!1Qje n-vojzkVOPQ:msT fRQ!ij1j v!WRmsQt TskRTsS`SUkgjUi!TVOPkgw~voj (ij 
kv+S O1v    Y zkVO1i!kffvow`imumSvomup1kgTVvŁf1S5kVO1i!k

TVO1i RQkVOPQ$w~voj tEvow C{ 

  6BŁgCif1

TuTVz&voj j Q km X@&vpP1msQ8kv
kVOPQSvp1j| Q`kVOPQSvomup1kgTVvŁf 8TskxO kVOPQ2tT fPT tpPt (i FQ2i!t21msTskxpC1Q2T fQ!iODtp1mukTuCvomuQTVSJkVOPQSUk}if1PT fP 
(i RQSvom p1kTVvŁfFoT; Q<ŁkVOPQSvomup1kgTVvŁf(kVO1i!kFTVS
O1i!mswP}T fP-voT f1/ifP8OPimswP~vp1kdvoT f1 oegf81j T fP Tu1msQkVOPQGtT fRTutpPt=
it1msTskxpCPQG#j TskgQjlTVvŁffl#if/WRQpCSUQ!fliŁSzi:PQrFfPTskgTVvŁf(vowFSUk}if1PT fP (i FQ!ST f(if1vŁfPmuT fPQ!i!j
1j v!WPmuQtVflDQj|Q flQ
i!j QGPQ!i!msT fP flTukxO(i:msT fRQ!ijC1jlv!WRmsQt2Sv flQi!j QSUT t1muXJQ:Ł1mVvoTukT fP$i of1v  ffl1j v1QjlkxXJvowRkxORQ:Svomup1kTsvŁf1S
egfkxORTVSfftT fPTut2pPt ~it1muTskgpCPQ5tQkVO1vq flQ Sl1Q TswgX
a0

da0/dχ

a2
if1
da2/dχ
i!k
χmin
kxORQ&f@S OPvqvok
vp1k (ij HGNRORQJO1voTs Q/vow
a0
Pif1
da0/dχ
Pi!k
χmin
i!j Q)kxOPvqSUQJw}vojffpRfPTskMCvoT fPkO1i!j dQ!SGNROPQ Pi!mup1Q/vow
a0
i!k
χmin
SUQk}SffkVOPQSU&i!msQvowCkVOPQmsT fPQ!i!j`Svom p1kTVvŁfzNRORQ Pi!mup1Q)vow
da0/dχ
#if8WRQ)i!P1j v:TutikgQ!iS
1/piχmin

Y6B
egf1jlT fR#T 1msQ kxORTVSGSUk}i!jlkgT fP Rim p1Q&if(WRQ i34upCSUkQ!@SvkVO1i!k
i!kCmVij qQ
χ
kxORQ5j Q!Slp1mskSw~voj
a0
Si!kgTVSUwX(kVOPQ5w~i!msmR
vowgwP&vŁfP1TukTVvŁf
da0/dχ = a0/χ logχ
1exf(1jUi!#kgTs QokVOPQv FQjUi!msm-j Q!Slp1muk

i!w}kgQjzkxORQ=tT fPTutTikgTVvŁf1Q!SU jlT WPQ!
WRQmVv (FTsS FQj X/T fPSUQ&f1SUTskgT FQ=kv5kxORQOPvoTs#Q:vow
da0/dχ
i!k
χmin

NROPQ:OPvoTs Q!S7w}voj
a0
ifP
da0/dχ
i!k
χmin
i!j Q:PQkQj|tT fRQ!WFXkVOPQ:w~voj|t vow
Ψ
FQj X$#msvqSUQ)kvJvŁfRQvowPkVOPQ
pRfPTukdCvoT fPkdOPij qQ!S<7qvtQ`&i!j|Q`TVSPfPQ Q!SSij|X5T f$k}i/dT f1kVOPTsS
msTutTsk exfkVOPQ
x, y
wjUitQ7&vgt+v FT f1 8TskxO8vŁfPQ
vow
kVOPQpRfRTsk1CvoT fPkCOPij qQ!SffkVOPQRimup1Qvow
Ψ
Rp1Q5vŁfRmuX2k}vkVO1i!kMO1i!j dQ=TVS
log [(x2 + y2)/a2]/4pi
 9@Q)t2pCSUk
f1v  kgjUif1SUw~voj|t kxORTVS`j|Q!Slp1mskRkv/kVOPQ I!msi&WKwjUitQ:vowCvp1jz&i!msp1mVi!kTVvŁf2T f $OPTsO 8Q:pCSUQ:&vqvoj PT f1i!kgQ!S
x˜, y˜, t

NROPQ ECvoj Q&fRk;=kgjUif1SUw~voj|t+i!kTsvŁfflTVS
x = x˜ y = γy˜ .

  6o

NRORQmViSUkMj|QmVi!kTVvŁfw~vomumVv (SGSUT fR#Q
y˜
TsSffT f@i #vqvojlPT fPikgQ)wjUitQkVO1i!kC&vtv RQ!S flTukxOkxORQCvoT fPkMSvp1j  Q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WFp1k FQj XJ#mVvqSUQkv i)Svp1j|#Q
a0
Pi!jlTsQ!SziS
logχ
if1
a2
w~i!msmVSzvowgwRiS
1/χ2
ndjlvt kVOPTsS flQ#vŁfP mupCPQGkxOPikw~vojzSltimum
χ
a2(χmin)
a0(χmin)
= κ
χ2surf logχsurf
χ2min logχmin
.

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Y  
9@Q#if f1v Ir8:
κ = ±1 `TskS$t+i/:Tut2pPt;j|Q!iSvŁf1i#WPmuQ Rimup1QifP flQ#if0O1vqvqSUQ@i Ri!mup1Q+vow χsurf 
kVOPQ Pi!mup1QJik $OPTsOBkxORQ${opCi1jpPCvomsQJifP tvŁf1vCvomsQJOPi FQ Q!{opCimMSUkj|Q&f1qkVOH)NROPQ!SUQ/OPvoTs Q!S=PQkgQj tT fPQ
a2(χmin)/a0(χmin)
ifPflkVOPQj|Qw~voj|QkVOPQ#vtPp1kikgTVvŁf1i!mot+vqPQm;
yzQ!Slp1mskSi!j Q:1j Q!SUQ&fRkQ!(T f+Ni&WRmsQ - BCn-vojffkVOPQO1voTs Q!S
χsurf/a = 0.1
q  /if1 ŁqifPw~voj
κ =
=ifP
&-kxORQ i!t21msTskxpCPQ vow
kVOPQ {opCiŁPjpPCvomsQ(i RQ!STsS&vt2Pp1kQ!@w~voj
χmin/a = 0.05
if1
χmax/a = 70
7n-voj
Q!i!OOPvoTs#Q vow
a2(χmin)
kVOPQ SUkij kT fP Ri!mup1Q5vow
da2/dχ
TsSrFfRQ5kgpRfRQ!+w~voj`tT fPT tpPt (i RQ it1muTskgpCPQ<
7oT fR#Q
a2(χ)
S O1vp1msBO1i RQ/kxORQ$w}voj t &vŁfPSUk  
χ2
1kVOPQ Ri!mup1Qvow
da2/dχ
S O1vp1mV@WRQ FQj X(fPQ!i!jlmuXQ!{qpCi!mCk}v
−2a2/χ FNROPQ Pi!mup1Q!Sw~voj da2/dχ T f2ki&WRmsQU  B5ij|Q FQj X mVvqSUQ=k}v/kxORTVS71j|Q!PTs#kgTVvŁfRNRORQ=ki&WRmsQ1j|Q!SUQ&fPkS7kVOPQ
Ij QmVi!kgT RQ it1muTskgpCPQRK/kVOPQ jUi!kgTVv2vow
kxORQJjliŁPTVi!kTsvŁf i!t21msTskxpCPQ/kvflkxORQ/jliŁPTVi!kgTVvŁfBi!t21msTskxpCPQ/w}vojkVOPQ/&iSUQ
a2(χmin) = 0
zek1TVS#muQ!ijw}j vt kxORQj Q!Slp1muk}SffkVO1i!kCkxORQ5SUkjp1 kgp1j|Q5vowCkxORQ5Svp1j  Q=OPiŁSffmuTskkgmsQ5T fflRp1Q&fP Q vŁf+kVOPQ
jUiPTVi!kTVvŁf$pRfPmsQ!SSkVOPQ:Svp1j  QGTVSzmVi!jlqQif1$O1iSifQ:kgj QtQfff1vŁfPSlROPQjlTu&i!mdPQw~voj tikgTVvŁf
egfbkxORQB#iŁSUQ@vow qjli FTskikgTVvŁf1i!mSvp1j|#Q!Sl=ifffiQ RQ&fffiSUkj vŁf1qQj8SUkikgQtQ&fRk#ifWRQ+t+iPQ<  Sfli!msj Q!iRX
CvoT fRkQ!+vp1kxdkxORQffI!{qpCiPj|pPCvomuQ<K:t+vqPQ
a2(χ) cos(2Θ)
fRQ!ijkVOPQ5Svp1j|#Q:CvoT fPk1TVSffi kgpCi!msmuX8imVvo&i!mRPTuCvomuQ
a2(χ) cos(θ1)
MNRORTVSPTuCvomsQ:t+vtQ&fRkM#if8WRQ RTsQ 8Q!iŁS`i5PTVSl1mVi!#QtQ&fPk1vowCkxORQ) Q&fPkgQj`vowMSU#imVi!jzO1i!jlqQ
if1@ORQ&fP QiO1if1qQ$T f kVOPQJjUiPTupCS=i!k  ORTsO kVOPQSvp1j| Q/CvoT fRk}S:t+v FQ< NROPQJOPifPdQJT fBkxORQ$jliŁPTVi!kTsvŁf
it1msTskxpCPQ &ifWRQJiSU jlT WRQ!@k}vflkxORTVS=O1if1qQ/T f jUiPTupCS:NROPTsS=Q:Ł1msifPikgTVvŁf vowzkVOPQ/OPifPqQJ#if(WPQ t+iPQ
{opCifRkTuk}i!kT RQ<M9@Q5msQk
r
j Q1j|Q!SUQ&fPkPkVOPQ5PTVSUkifP Q5w}j vtSvp1j|#Q=CvoT fPkik  ORTsO+T fFfRQjzWPvpRf11i!j X(1iki5TVS
WRQT f1+Sl1Q TsrPQ! if1 8QmsQk
δ
WRQkVOPQjliŁPTVi!mCPTVSUk}ifP Q WFX  ORTsO kVOPQ Q&fPkgQj:vowffSU#imsijO1i!jlqQ$TsSGWRQT f1
t+v FQ!(vp1k (i!j LNROPQSvom p1kTVvŁf2w}voj
kVOPQ:SU&i!mVi!j
rPQmV8TVS
Ψ =
1
4pi
log
(
r2 − 2rδ cos θ1 + δ2
) ≈ 1
4pi
[
log r2 − 2(δ/r) cos θ1
]
.

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ndjlvt kxORTVS flQT fPwQjkxOPik
a2 = − δ
2pir
.
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NROPTVStQ!ifPSkVO1i!kFkVOPQjliŁPTupCSzvowPvoj~WRTsk}i!mtvokTVvŁf2TVSzO1if1qQ!8w}j vt
a
i! &voj PT f15kv
a→ a+ δ = a− 2pira2 .

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ndjlvt C{ 

  ,Y flQ5SUQQ=kxOPikPw}voj`{opCiPj|pPCvomsQ=jUiPTVikgTVvŁf

kVO1i!kPTVSl
m = 2
RkVOPQ5it1muTskgpCPQ)vowCkVOPQ (i RQ!S
SU#imsQ!S ∝ a2 qekFw~vomumVv (SzkxOPikkxORQ:i!t21msTskxpC1QvowFkxORQ fli FQ!SzS O1vp1mV2PQ1Q&f1flvŁf a2 i &voj PT f15kv
amplitude ∝ 1− 4pira2/a .

  ,/>q
n-voj
kVOPQ#vtPp1ki!kTVvŁfPS1j Q!SUQ&fRkQ!$T f8Noi#WRmsQ4  B
a2
TVSQ Ri!mupCikgQ!i!k
χmin = 0.05a
!Sv
r ≈ 0.052a NROPQ`fFp'
tQj Ts#imj Q!Slp1muk}SCw~vomsmVv 8T f15w}j vt kxORTVSSUTut21msQQ:1mVifPikgTVvŁf$vowdkxORQGS OPTuw}k-vowdkxORQff Q&fPkgQjMvow-O1i!jlqQ&1j|Q!SUQ&fPkgQ!
iSkxORQ:msiŁSUk&vomupPt(f(T fflNi&WRmsQG  BŁi!j Q#vŁf FT fR#T fPqmuXfli!#p1jUi!kQ<
 
Noi#WRmsQG  BŁNROPQGQwgw}Q kdvŁfflkVOPQ (i RQit1muTskgpCPQvowkxORQG&vŁfP1TukTVvŁfPSvŁf
a2
ifP
da2/dχ
i!k
χmin = 0.3a
ŁNROPQ
j vomsQvowFkVOPQ
a2
kQj|t #if WPQpRfPPQjUSUkvqvq2iSzif8QwwQ#kgT FQS OPTuw}kRvowFkxORQG#Q&fRkQj
vowPSU&i!mVi!jMO1i!j dQ<<7QQGkQ:Łkw}voj
PQk}i!TsmVS
κ χsurf a2(χmin) da2/dχ at χmin
yzQm;  tL
1− 4pira2/a
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NROPTVS5Q:1mVifPikgTVvŁf w}vojkxORQfljlvomsQ(vowGkVOPQ
m = 2
t+vqPQflTVS/vow#vŁf1SUTVPQjUi#WRmsQ(SUTVfPTsrP#ifP Q2w}voj5qjUi RTski/
kgTVvŁf1i!mŁ1j v!WRmsQt+SNROPQ`Q!{qp1T Pi!msQ&fP Q`1j T fP Tu1msQffTut1msTuQ!S
kxOPikdkVOPQj|Q`TsSCf1v)msvo&i!moPTuCvomsQ`w~vojCkxORQqjUi FTsk}i!kgTVvŁf1i!m
Svp1j|#Q!S
NRORpCSkVOPQ5SUki!jlkgT f1 Rimup1Q)vow
a2
 ORTsORFikPmVi!j dQ)PTVSUk}ifP Q!SqT FQ!SkxORQ5{opCiŁPjpPCvomsQjliŁPTVi!kTsvŁfR-TVS
f1vokRi:Ci!jUitQkgQjvowRkVOPQ=SUkjp1 kgp1j|Q:vowRkxORQ)Svp1j| Q ŁTsw flQ ofPv  kVOPQ:mVvo#ikgTVvŁf2vowRkVOPQ:Qwgw}Q kT FQ Q&fPkgQjzvowPkVOPQ
Svp1j|#QkVOPQ:SUkjp1 kgp1j|QGTVSzr8:Q!H
d   
+ff.2&9' ff 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egf(kVOPTsS`iP1Q&f1PTR: flQQ:Ł1mVi!T fOPv  kVOPQ#vŁfPkgT fRpPpPt if1op1mVi!jMECi!1mVi! TVif8vow C{ 

- 6@odTVSTut1msQtQ&fPkgQ!2iS
imsT fRQ!ij`v1QjUi!kvoj7T fkVOPQ
N = nΘ × nΦ 1T tQ&f1SUTsvŁf1i!mPSlCi Q<MNRO1i!kPmsT fRQ!ij`v1QjUi!k}vojzt2pCSUkMj|Q1j Q!SUQ&fRkRkVOPQ
if1op1mVi!jLECi!1msi TVif8Q RimupCi!kgQ!8iki)qjlTs8CvoT fPk
Θa

Φb
oNRO1i!kTsSlkVOPQmsT fRQ!ij
v1QjUi!k}voj
Lab,ij
tpCSUkPSi!kTsSUwX
[
sin Θ∇2angΨ
]
ab
≈
∑
ij
Lab,ijΨij ,

- ,<@
 ORQj Q=kxORQiP1jlv:ŁTut+i!kTsvŁfTsSffRp1Q)kv$nd)kjpRfP#ikgTVvŁfQjlj voj Re}k flTumsmqWRQ:&vŁfRQ&fRTsQ&fPkWRQmVv  kv flj TskgQ)kVOPQ
msT fRQ!ijv1QjlikvojiS`iSlpPt
L = L(1) + L(2)
flTskVO
L(1)
#vŁfPkiT fRT f1
Θ
PQjlT Ri!kT FQ!SifP
L(2)
&vŁfRk}i!T fPT f1
Φ
PQjlT Ri!kT FQ!S
PX$Q:1mVvoTskgT f1JkxORQ)SlXdttQkj TsQ!SffvowFkxORQ=h87fl9 #vŁfPr1op1jlikgTVvŁf flQ:&ifflmsTutTskPkVOPQ:jUif1qQ:vow1ifPqp1msijz#vqvoj
PT f1i!kgQ!S7kvJvŁfRQ{opCi!jlkgQjzvowPkxORQ)#vt1msQkgQfl}SlROPQj|Q<-NROPQ:T f1PTs Q!S
a, i
jlifPdQwjlvt :kv
nΘ
oj|Q1j|Q!SUQ&fPkgT f1o
j|Q!Sl1Q#kgT FQmuX
Θ = ∆Θ/2
k}v
Θ = pi/2 − ∆Θ/2  NROPQT f1PTs Q!S b, j jUif1qQJw}j vtIJkv nΦ Mj|Q1j|Q!SUQ&fPkgT f1o
j|Q!Sl1Q#kgT FQmuX
Φ = ∆Φ/2
k}v
Φ = pi−∆Φ/2   p1jdvqi!mŁOPQj|Q flTsmumWPQGkv5S O1v  kVO1i!k flTskVOflkxORTVSzOPvoTs QvowFkVOPQ
qjlTVRkVOPQmsT fRQ!ijzv1Qjlikvoj
#if/WRQOPvqSUQ&fflk}vO1i FQGkxORQ=SlXdt2tQkgj X
Lab,ij = Lij,ab .

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NROPQ:QmsQtQ&fRk}S7vow
Lab,ij
O1i RQ=i)PTswgw}Qj|Q&fPk-w~voj|t w~vojzkVOPQffW1vpRfP1ij TsQ!S`i!k
Θ = ∆Θ/2

pi/2−∆Θ/2 if1
i!k
Φ = ∆Φ/2

pi −∆Φ/2 Łif18T f(kVOPQT fPkgQjlTsvojzvowFkVOPQ:if1op1mVi!jzqjlTVH<9@Q&vŁfPSUTVPQjQ!iO8#iSUQSUQCijlikgQmuX
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1 < a < nΘ
S
1 < b < nΦ
NROPQrPjUSUk&vŁfRkj T WFp1kTsvŁf(TVS
L
(1)
ab,ij =
δbj
(∆Θ)2
[
sin Θa−1/2δa−1,i −
(
sin Θa+1/2 + sin Θa−1/2
)
δia + sin Θa+1/2δa+1,i
]

- ,q!
if18kxORQ:SUQ&vŁfP(TVS
L
(2)
ab,ij =
1
(∆Φ)2
δai
sin Θa
(δb−1,j − 2δb,j + δb+1,j) .

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DQj|Q
δj,c
TVS7kVOPQ FGj vŁfPQ-QjPQmskiqif1
sin Θa±1/2
TVS`PQrFfRQ!2kv tQ!if
sin (Θa ±∆Θ/2) e}kR#if$WPQ=SUQQ&f
kVO1i!kRWPvokVO+#vŁfPkgjlT WFp1kgTVvŁf1SGkv
Lab,ij
ij|QSlXdt2tQkgjlTs flTskVO+j|Q!Sl1Q#kPkvkxORQ5T fPkgQj|OPifPdQvow
kVOPQ)Ci!Tsj
ab
flTskVO
kVOPQGCiTuj
ij
Łif1$OPQ&fR#Q C{ 

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a = 1
S
1 < b < nΦ
NROPQ
Θ
PQjlT Ri!kT FQCi!jlkvowFkVOPQ:v1QjUi!k}vojMw~voj|t+i!msmuXJk}i/dQ!SzkxORQ:w}voj t
L
(1)
1b,ij =
δbj
(∆Θ)2
[sin 0 δ0,i − (sin 0 + sin ∆Θ) δi1 + sin ∆Θδ2,i] .

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egfkxORQSlpPt T fJC{?

- ,<@okxORQ
δ0,i
kgQj t j|Q!Sl1j Q!SUQ&fRk}S
Ψ(Θ = −∆Θ/2,Φ)   OPTsOflTVSMfPvokFi Rim p1QGi Ri!TsmVi#WPmuQ
vŁfBkxORQ$if1op1mVi!jGqjlTsL=NRORTVS=kgQj tOPv flQ RQjxPTVSGtp1mukTu1muTsQ!+WFX
sin 0 = 0
ifP #ifWRQ/TVf1voj|Q!R1Sv
L
(1)
ab,ij
Si!kTVSUrPQ!SGkVOPQ SlXdttQkj|X#vŁf1PTskgTVvŁf T f C{?

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L
(2)
ab,ij
i!mVSv8iP1msTsQ!S flTskVO1vp1kMOPifPqQ/kv
a = 1
ŁifPORQ&fP Q M{ 

  A<BŁdTsS7Si!kgTVSUrPQ!(w}vojkVOPQGT fP1Q:)jUif1qQ
a = 1

1 < b < nΦ

A A’
B B’
D’
D
C’
C
Θ
∆Θ/2
pi/2
+pi/2∆Θ/2−pi/2∆Θ/2+∆Θ/2−
Φ
pi
∆Φ/2+
∆Φ/2−
∆Φ/2−
pi ∆Φ/2+
ndTVop1j Q - , 

fif1op1mVi!jffqjlTs flTskVO
nΘ = 5
if1
nΦ = 6
ff =jlTV(CvoT fPkSldCvoT fPkSGik $OPTsO@i Rim p1Q)w~voj
Ψ
TVS#vtPp1kgQ!RFi!j|Q&vŁffPQ kQ!flWFX2SvomsTV+msT fPQ!S7NROPQ 1iS OPQ!msT fPQ!SQ:kgQ&f1kVOPQ qj TV+k}vIRO1i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9@Q:OPiŁ1j|Q FTVvpCSUmuXflPQ FQmVv1Q! (iXSffk}v/t+vqPTswX(SlXSUkgQt+SGvow1kVOPTVSkxXd1Qk}vJQmsTutT f1i!kQQTukxORQj`vowCkVOPQ!SUQ
1j v!WPmuQt+S  x5Y  1D8v 8Q RQjxokVOPQ!SUQtQkVO1vq1Sz1jlvqRp1 Q=SlXSUkgQt+SkxOPikRij|Qfff1vok1SlXdttQkj Ts`OFX-1Qj~WPvomsTs  ORQ&f
WPvokxO@1j v!WRmsQt+S:i!j Q5#vojlj|Q#kgQ!@SUTutp1muk}ifPQ!vpCSUmuX DQj|Q 8Q/1j|Q!SUQ&fPk1fPQ  t+vqPTsrP#ikgTVvŁfPS=kVO1i!kSvom FQWPvokVO
1j v!WPmuQt+S flTskVO1vp1k-PQ!SUkj vX-T f1=SlX-t2tQkgjlTs
OFXd1Qj WPvomsTs TskxX/<9@Q1vkxORTVSRWFX i1PT f1=i!P1j v1jlTVi!kgQtp1mskgTu1msQ!S
vowkxORQ#vŁf1SUkgjUi!T fPk Ciab kvQ!iOBvow7kxORQ$Q!{opCikgTVvŁfPS γ1N iCiab kv=C{ 

@  Łg
γ3N
iCiab k}v C{?

@- 6oxPif1
γ2NCiab kvC{?

@  6>o !NPORQ!SUQkQj|t+St+vqPTswgX$kVOPQG1jlT fP TuCimŁCij k}SvowFkVOPQQ!{opCi!kTVvŁfPS
∂tψab − (1 + γ1)Nk∂kψab ' 0,

@- o
∂tΠab −Nk∂kΠab +Ngki∂kΦiab − γ3Nk∂kψab ' 0,

@- ,Y
∂tΦiab −Nk∂kΦiab +N∂iΠab − γ2N∂iψab ' 0.

@-   

OPvqvqSUT f1
γ3 = γ1γ2
t+i/dQ!SkxORTVSCfPQ  SlXFSUkgQt SlXdt2tQkgjlTszORXd1Qj WPvomsTu7w}voj
ifRX Ri!mup1Q!Svow-kxORQffCijli!tQkQjlS
γ1
if1
γ2
5NRORQSlXdttQkj TQjtQkj Ts

$OPTsO 1QrFfRQ!S:kVOPQJQ&fPQj oX2f1voj|t+zw~vojkVOPTVSGfPQ SlXSUkQt #ifWRQ
T>d
flj TskkgQ&f(iS
Sαβdu
αduβ = mabmcd
(
Λ2dψacdψbd + dΠacdΠbd
−2γ2dψacdΠbd + gijdΦiacdΦjbd
)
,

@- Ł
 ORQj Q
mab
TVS)ifFX+CvqSUTskT RQ8PQrFfRTskQJtQkgjlTs

Q<   
mab = gab + tatb
voj:Q RQ&f
mab = δab
`if1
Λ
TVSi
#vŁf1SUkifRk flTskVO2PTutQ&fPSUTVvŁf(msQ&fPdkVO −1 NROPTsS`SlXdttQkj TŁQj
TVSCvqSUTskgT FQ)PQrFfPTukQSv mVvŁf1/iS Λ2 > γ22

NROPQ/QTVqQ&f FQ#kvojUS=vowzkxORQ$O1i!jUi!#kgQjlTsSUkTs:t+i!kj TR:Ł
nkA
k α
β

 OPQj|Q
nk
TVS:kxORQvp1k (ij  PTsj|Q kQ!pRfPTuk
f1voj|t+i!mqk}v5kVOPQ`WPvpRf11i!j XJvowRkVOPQ&vt2Pp1k}i!kgTVvŁf1i!md1vt+i!T f1x1msi!X$ifTutCvoj k}ifPkjlvomuQ:T f(SUQkkgT fP)WPvpRf11i!j X
#vŁf1PTskgTVvŁf1Sffw}vojrPjUSUk;~voj PQjQ Rvomup1kTsvŁfSlXSUkgQt+S E1Qk
eαˆβ
PQ&fPvokQ:kxORQ)msQwkFQTVqQ&fRQ k}vojlS 8TskxO2QTVqQ&fPi!mup1Q!S
v(αˆ)
PQrFfPQ!/WFX
eαˆµnkA
k µ
β = v(αˆ)e
αˆ
β .

@- q!
9@Q=pCSUQ:T fP1Tu#Q!S flTskVO2OPikS

Q< ? 
αˆ
RkvJmVi#WRQm-kVOPQ=OPijli kgQjlTVSUkgTsffQTsdQ&fRQ kvojUSffif1(QTVqQ&f Rim p1Q!Slqif1
αˆ
TVS
f1vokMSlpPttQ!+v RQjT f C{?

@- q! 1NROPQ)QTVqQ&f Rimup1Q!S
v(αˆ)
i!j Q=imsSv$&i!msmsQ!2kxORQOPijli kgQjlTVSUkgTsSl1QQ!1SMNROPQ
O1i!jUi!#kgQjlTVSUkgTst+i!kj Ts Q!S7vow1SlXdt2tQkgjlTs`OFXd1Qj WPvomsTsffSlXFSUkgQt+SO1i FQ:#vt1muQkQ=SUQk}SvowPQTVqQ&fRQ k}vojlSloSv kVOPQ
t+i!kgjlTR:
eαˆβ
TVSGT f FQjlkgT WRmsQT f+kxORTVS&iSUQ<7NROPQ5O1i!jUi! kQj TVSUkTu:rPQmsCSl
uαˆ
Fij|QPQrFfRQ! iSffkVOPQ1j v54sQ kTVvŁfPSvow
kVOPQ5RXqf1itTs#i!mrPQmV1S`vŁfPkvkxORQOPijli kgQjlTVSUkgTsQTVqQ&fRQ k}vojlS
uαˆ ≡ eαˆβuβ  CvpRf11ij|X8#vŁf1PTskgTVvŁf1Sfft2pCSUk
WRQ5TutCvqSUQ!@vŁf@Q!i!OT fR&vtT f1(OPijli kgQjlTVSUkgTsrPQmVRFT* Q< -Q!i!O
uαˆ
flTskVOfPQ!di!kT RQ5O1i!jUi!#kgQjlTsSUkTs:Sl1QQ!R
v(αˆ) < 0
  6qo&o,Y 3zNRORQOPijli kgQjlTVSUkgTsGrPQmV1Sffw}voj`kVOPQ=fRQ   QD Q Pvom p1kTVvŁf+SlXSUkQt2 C{dS

@  q!

@   Łg
i!j QGqT FQ&fJWFX
u0ˆab = ψab,

@- o
u1ˆ±ab = Πab ± niΦiab − γ2ψab,

@- 6o
u2ˆiab = Pi
kΦkab,

@- />q
 ORQj Q
Pi
k = δi
k − nink NROPQ O1i!jUi!#kgQjlTVSUkgTs=rPQmV1S u0ˆab
O1i RQ #vqvojlPT fPikgQ5OPijli kgQjlTVSUkgTsSl1QQ! −(1 +
γ1)nkN
k kxORQrPQmV1S u1ˆ±ab
O1i FQ=Sl1QQ! −nkNk ±N Łif1flkxORQrPQmV1S u2ˆiab
OPi FQSl1QQ! −nkNk 
NROPQ:&vt21msQkgQ)Q!{opCikgTVvŁfPS`w~voj7vp1j
fRQ  rPjlSUkP}vojlPQjzj|Q1j Q!SUQ&fRk}i!kTsvŁf(vow1kxORQ  QD Q Rvomup1kgTVvŁf+SlXSUkgQt

T f 
 mupCPT f1/imumqkxORQGfPvŁf8g1jlT fR#TuCi!moCi!jlkSFi!j Q
∂tψab − (1 + γ1)Nk∂kψab = −NΠab − γ1N iΦiab,

@- 6@o
∂tΠab − Nk∂kΠab +Ngki∂kΦiab − γ1γ2Nk∂kψab
= 2Nψcd
(
gijΦicaΦjdb −ΠcaΠdb − ψefΓaceΓbdf
)
−2N∇(aHb) − 12NtctdΠcdΠab −NtcΠcigijΦjab
T>Ł
+Nγ0
[
2δc(atb) − ψabtc
]
(Hc + Γc)− γ1γ2N iΦiab,

@- <B
∂tΦiab − Nk∂kΦiab +N∂iΠab −Nγ2∂iψab
= 12Nt
ctdΦicdΠab +Ng
jktcΦijcΦkab −Nγ2Φiab.

@- o
NROPQJkQj|t+SvŁf kxORQjlTsoORk7SUTVPQ!SvowOM{dS

@- 6@o 

@- o1i!j QJimsdQ WRjliTs)wpRfP kgTVvŁf1S5vowkVOPQ8RXqf1itTs#i!mMrPQmV1S
NROPQ#vŁfFfRQ#kgTVvŁfkQj|t+S
Γcab
i!P1Q!i!jlT fPvŁfkxORQjlTVORkMSUTs1Q)vowHC{ 

@- <BRi!j|Q=#vtPp1kgQ!pCSUT f1JC{dS

@  ox
 ORQj QGTskTVSpRf1PQjUSUkvqvqflkxOPikkxORQCi!jlkgTVi!mqPQjlT Ri!kT FQ!Si!j QGkv PQkQj|tT fRQ!flwjlvt kxORQ:PXqfPi!tTs&i!mqrPQmV1SCWFX
∂tψab = −NΠab +N iΦiab,

@- ,Y
∂iψab = Φiab.

@-   
 OPvqvqSUT f1kVOPQ5Ci!jUitQkgQj
γ2 > 0
T f@kVOPTVSfPQ  SlXSUkgQt &ipCSUQ!SGkxORQ &vŁfPSUkjliT fRk Ciab kvJWPQ Q:CvŁfPQ&fPkgTVi!msmuX
SlpPP1j|Q!SSUQ!  x5Y x!WPQ#ipCSUQ=kVOPQ:t+vqPTsrPQ!=C{ 

@  q!T t1msTsQ!Sffif(Q Rvomup1kgTVvŁfQ!{opCi!kTsvŁfw}voj Ciab O1i RT fP$kVOPQ
w~voj|t
∂tCiab−Nk∂kCiab ' −γ2NCiab   OPvqvqSUT f1 γ1 = −1 t+i/dQ!S1kVOPQ`SlXSUkQt C{dS

@- 6@o 

@- o&muT fPQ!i!jlmuX
PQ!qQ&fPQjUi!kgQ  OPTuOTut1msTuQ!SkxOPik-S O1vo-SCvf1vok-w~voj t w}j vt Slt+vqvokVOflT fPTukTVi!mq1i!k}i    3

fPOPvqvqSUT f1 kVOPQ
Ci!jUitQkgQj
γ0 > 0
&ipCSUQ!S1kxORQ&vŁfPSUkjliT fPk Ca kvGWRQ7Q:ŁCvŁfPQ&fRkTsimsm X/SlpPP1j Q!SSUQ!RiS
PTVSUpCSSUQ!$T fC7oQA @  -  
 8    
.o% +.( !!5	
NROPQt+vqPTsrP#ikgTVvŁfPSvowqkxORQ  QDHQ Rvomup1kgTVvŁf$SlXFSUkgQt PTVSU pCSSUQ!JT f 7oQ#S @    if1ff@- i!j|Q`PQ!SUTVfRQ!Jkv)1i!t2
vp1kRSltimumq&vŁfPSUkjliT fRk FTVvomVi!kTsvŁf1SzkxOPik-t+iXJij TVSUQGw}j vt T fRQ:oi!#k-T fRTskTsimd1i!k}ifRpPtQjlTs#imqQj jlvojlSl!QkANROPQ!SUQ
t+vqPTsrP#i!kTVvŁfPS flTsmsmRCv f1vokVOPT fPq-O1v flQ FQjxdk}v$1j|Q RQ&fRkPkxORQT fflRp':vowC&vŁfPSUkjliT fRk FTVvomVi!kgTVvŁf1SkVOPj vpCO+kVOPQ
WPvpRf11i!jlTsQ!S`vowMkVOPQ=&vt2Pp1k}i!kTsvŁf1i!mR1vt+i!T fH

vŁf1SUkgjUi!T fPk;1j|Q!SUQjFT f1W1vpRfP1ij|X8&vŁfPPTskTsvŁf1SGi!j QGfPQQ!PQ!
kvfl1j|Q RQ&fRk
kVOPTVS     ?@! B!1  F6@  Q7p1OWPvpRf11ij|X#vŁf1PTskgTVvŁf1S:&ifWRQJw}voj t2p1mVikgQ! vŁfP Q$kVOPQ 1jlvCidi6
kgTVvŁf Q!{opCikgTVvŁf1S:w~vojkVOPQ/#vŁf1SUkgjUi!T fPkS=i!j|Q pRfPPQjUSUkvqvqL 7qv flQ$PQj T RQ/i/rPjUSUk;~voj 1QjffSlXSUkQt vowzQ Rvomup1kgTVvŁf
Q!{opCikgTVvŁfPS`w~vojzkVOPQ=&vŁfPSUkjliT fPkS`T f 7oQAA@  >1 &ŁpCSUQ=kxORQt k}vJPQjlT FQ=#vŁf1SUkgjUi!T fRkPg1j Q!SUQj RT fPWPvpRf11i!j X$&vŁf 
PTskgTVvŁf1ST f 7oQA-@  >- ŁP1j|Q!SUQ&fPkCWPvpRfPCi!j X@#vŁf1PTskgTVvŁfPSw~voj:kxORQ$RORXSUTs#im
qjUi RTski!kTVvŁfPim (i RQJPQ!qj QQ!S=vow
w}j|QQ!1vt vowCkVOPQSlXFSUkgQtT f 7oQA/@  >1 qif1rFf1i!msmuX(if1i!muX-ŁQ)kVOPQ flQmumRCvqSUQ!FfPQ!SSffvowMkVOPQ#vtflWRT fRQ!+SUQkCvow
fPQ  WPvpRfPCi!j XJ#vŁf1PTskgTVvŁf1ST f7oQAT@- >- >1
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NROPQ$1j Tut+i!j X&vŁfPSUkjliT fRkffvow7kVOPQ! QDSlXSUkQt TVS)kVOPQ8dipCqQ&vŁfPSUkjliT fPkx Ca   ORTsO flQj|Q flj TskgQ ORQj QT f
kgQj t+SvowRkVOPQrPjlSUkP}vojlPQjMPXqfPi!tTs&i!mqrPQmV1S
Ca = Ha + gijΦija + tbΠba − 12giaψbcΦibc − 12 taψbcΠbc.

@- >
T><
NROPTVSQ:Ł1j|Q!SSUTVvŁf(PTswgw}QjlSw}j vt C{ 

@- &o-vŁfPmuX5WFXJt2p1mskT 1msQ!S`vowFkxORQ=#vŁf1SUkgjUi!T fPk Ciab qegf(kVOPQw~vomumVv flT fP flQ
pCSUQ:kxORTVS`PQrFfRTskTsvŁfR C{ 

@- >xŁjlikVOPQj
kxOPif C{ 

@- &ox&WPQ#ipCSUQ:TukPSUTut1muTsrPQ!S`kVOPQ:w~voj|t vowRkxORQ=#vŁf1SUkgjUi!T fRk
Q Rvomup1kTsvŁfSlXSUkgQtVRNROPQ:Q Pvomup1kgTVvŁf2Q!{opCikgTVvŁf2w~voj Ca  C{?

@  ,>ogTVS7SUQ&vŁfPvoj 1Qj -NRORpCSl flQ:t2pCSUk1PQrFfPQ
fPQ  #vŁf1SUkgjUi!T fPkGrPQmV1S/kxOPikj|Q1j|Q!SUQ&fPkffkVOPQ2rPjUSUkPQjlT Pi!kT RQ!S vow Ca T f vojlPQj5kvBj|Q!Pp1 QflkxORQ2#vŁf1SUkgjUi!T fRk
Q Rvomup1kTsvŁf2SlXFSUkgQt kv5rPjUSUk;~voj 1QjMw~voj|tVoNPOFpCS flQ:1QrFfRQfffPQ  #vŁf1SUkgjUi!T fPkFrPQmV1S Fa if1 Cia kxOPikFSikgTVSUwX
Fa ≈ tc∂cCa = N−1(∂tCa −N i∂iCa),

@- >d!
Cia ≈ ∂iCa,

@- >Ło
pP(k}v kgQj t+Sz1j vCvojlkgTVvŁf1i!mqk}v kVOPQ&vŁfPSUkjliT fPkS Ca if1 Ciab dNPORQw~vomsmVv 8T f1PQrFfRTskTsvŁf1Sffvow Fa if1 Cia i!T
#vt1msTVS OkxORTVST f8i fli!X kVO1i!k--QQCSMkxORQw~voj|t vow-kxORQ#vŁf1SUkgjUi!T fPk-Q Pvom p1kTVvŁf8SlXSUkQt iŁSSUT t1msQiSMCvqSSUT WRmsQ 
Fa ≡ 12giaψbc∂iΠbc − gij∂iΠja − gijtb∂iΦjba + 12 taψbcgij∂iΦjbc
+tag
ij∂iHj + g
i
aΦijbg
jkΦkcdψ
bdtc − 12giaΦijbgjkΦkcdψcdtb
−giatb∂iHb + gijΦicdΦjbaψbctd − 12 tagijgmnΦimcΦnjdψcd
− 14 tagijΦicdΦjbeψcbψde + 14 taΠcdΠbeψcbψde − gijHiΠja
−tbgijΠbiΠja − 14giaΦicdtctdΠbeψbe + 12 taΠcdΠbeψcetdtb
+giaΦicdΠbet
ctbψde − gijΦibatbΠjete − 12gijΦicdtctdΠja
−gijHiΦjbatb + giaΦicdHbψbctd + γ2
(
gidCida − 12giaψcdCicd
)
+ 12 taΠcdψ
cdHbt
b − tagijΦijcHdψcd + 12 tagijHiΦjcdψcd,

@- ><o
Cia ≡ gjk∂jΦika − 12gjaψcd∂jΦicd + tb∂iΠba − 12 taψcd∂iΠcd
+∂iHa + 12g
j
aΦjcdΦiefψ
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jkΦjcdΦikeψ
cdteta
−gjkgmnΦjmaΦikn + 12ΦicdΠbeta
(
ψcbψde + 12ψ
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)
−ΦicdΠbatc
(
ψbd + 12 t
btd
)
+ 12γ2
(
taψ
cd − 2δcatd
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∂tc
A +AkAB(u)∂kc
B = FAB(u, ∂u) c
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uα
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SUkgjUi!T fPkoQ Rvomup1kgTVvŁfSlXFSUkgQ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t+i!j-i#WRmuXSUT t1msQ
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∂tCa ' 0,
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∂tFa ' N i∂iFa +Ngij∂iCja,
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∂tCia ' N j∂jCia +N∂iFa,
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∂tCiab ' (1 + γ1)Nk∂kCiab,
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∂tCijab ' Nk∂kCijab.
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SABdc
AdcB = mab
[
dFadFb + gij
(
dCiadCjb + gklmcddCikacdCjlbd
)
+Λ2
(
dCadCb + gijmcddCiacdCjbd
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TVS i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Q&fPQj oX/w~vojkVOPTVSSlXSUkgQ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1QrFfRQ!fliŁS
Ec =
∫
SABc
AcB
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SUkgjUi!T fPk FTVvomVi!kgTVvŁf1S:vow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FTVvomVi!kTVvŁfPSzij|Q`Cit1Q!JikdkVOPQ`jUi!kQ
e−γ0t

e−γ0t/2
voj
e−γ2t
<7qv)O1vqvqSUT fP
γ0 > 0
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f1
γ2 > 0
TsSSlp1wrP TsQ&fRk
kvJopCi!jUifPkgQQGkxOPikFimsmdvowFkxORQ!SUQ=#vŁf1SUkgjUi!T fPkS7ij|QSlpPP1j Q!SSUQ!HoNROPTVS
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NROPQfl#vŁf1SUkgjUi!T fPkQ Rvomup1kgTVvŁfSlXSUkQ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f1DTsk flTsmum
WRQpCSUQwgp1m7kv
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kVOPQfl&vŁfPSUkjliT fPkQ Rvomup1kgTVvŁfSlXSUkQt
eAˆB
if1DkxORQTsj#vojlj|Q!SlCvŁf1PT fP QTVqQ&fPi!mup1Q!S
v(Aˆ)
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vojO1i!jUi!#kgQjlTVSUkgTs
Sl1QQ!1S 5NPORQ$O1i!jUi!#kgQjlTsSUkTs)&vŁfPSUkjliT fRkrPQmV1S)i!j QJPQrFfPQ!
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T f ifPimVvqoX flTukxO kxORQJ1j T fP TuCi!mMQ Rvomup1kgTVvŁf
SlXSUkQ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cAˆ ≡ eAˆBcB dNROPQj|Q!Slp1mskP
T fP/O1i!jUi!#kgQjlTsSUkTs7rPQmV1Szw~vojMkxORTVS7#vŁf1SUkgjUi!T fRkFQ Rvomup1kTsvŁf2SlXFSUkgQ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c0ˆ±a = Fa ∓ nkCka,
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c1ˆa = Ca,
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c2ˆia = P
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c3ˆiab = Ciab,
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c4ˆijab = Cijab.
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NROPQO1i!jUi!#kgQjlTVSUkgTs#vŁf1SUkgjUi!T fPkRrPQmsCS
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OPi FQG&vqvoj PT f1i!kgQ:O1i!jUi! kQj TVSUkTu`Sl1QQ!1S −nlN l ±N kVOPQrPQmV1S
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c2ˆia
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f1
c4ˆijab
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i!mVSv RifRTVS O+kVOPQj|Q<
NROPQ7T fP#vtT f1)#vŁf1SUkgjUi!T fPkrPQmV1SCw}vojRkxORTVSCSlXFSUkgQt T fP mupCPQ
c0ˆ−a
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c0ˆ−a ≈
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k(cψd)a − 12kaψcd
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kVOPQ#vŁf1SUkgjUi!T fPk Mn-voj`T f1SUkifR#QdTswCkVOPQ
Q!{opCikgTVvŁfflTsS7O1if1qQ!8k}v 
∂tφi = −∂ipi + γCi

B  
= −∂ipi + γ(∂iψ − φi),

B  
w~voj`SvtQ)&vŁfPSUk}ifPk
γ
dkVOPQ&fkxORQ#vŁf1SUkgjUi!T fPk;~Si!kgTVSUwX-T fP(Svom p1kTVvŁf+SlCi Q)TsSffpRfPO1if1qQ!RŁWRp1k1kVOPQQ Rvomup1kgTVvŁf
vowRkVOPQ#vŁf1SUkgjUi!T fPkoWPQ#vtQ!S
∂tCi = −γCi.

B  !
NRORpCSl flTskVO8kVOPTsSztQkxOPvqRŁkVOPQG#vŁf1SUkgjUi!T fRk#if5WRQG1i!t21Q!

iSSlpPtT fP)ORXd1Qj WPvomsTs TskxX/TVS
1j Q!SUQj RQ!1qQ:ŁCv
fPQ&fRkTsimsm X8vŁfifflij~WPTukjlij|XJr8:ŁQ!2kgTutQ!SU#i!msQ
γ−1


S flQ flTsmumFSUQQ  ORQ&f flQ)PTVSUpCSSkxORQ FU7oN2SlXSUkQt2qkVOPQ
#vŁf1SUkgjUi!T fPk-1i!t21T f1Qwgw}Q k#ifQ:ŁkQ&fP$Q RQ&fJw}ij kxORQjPkxOPif$kxORQff#vŁf1SUkgjUi!T fPk-kVO1i!kdi!P1Q!i!jUS1T f$kxORQj Q!Rp1 kTsvŁfH
 RQ&fkxOPvqSUQ=#vŁf1SUkgjUi!T fRk}SzkVO1i!kFQ:TsSUkqWRQw~voj|QkVOPQj Q!Rp1 kTsvŁfflk}v5rPjlSUkP}vojlPQjCw~voj t &ifJWRQ1i!t21Q!L
NROPQJ{op1Q!SUkTVvŁf vow  OPQkVOPQjkVOPTVSt+vqPTsrP#ikgTVvŁfB1j Q!SUQj RQ!SGkVOPQJ#msQ!i!jSlXdttQkj Ts)ORXd1Qj WPvomsTu#TskxX@vowkVOPQ
SUkifPCi!j @j|Q!Rp1#kgTVvŁf@TsS:Tut2CvojlkifRkgPifP i FQj XSUTut21msQ$i!j qpPtQ&fPk
S O1v (S:kxOPikMOFXd1Qj WPvomsTs TskxXTVSf1vokzi!w3
w}Q kgQ!L2ewiflmsT fRQ!ijO1if1qQflvow Ri!jlTVi#WRmsQ!S)TVSt+iPQ

T fDvokxORQj (voj CSli2O1if1qQflvowWPiSUTVS5vŁf kxORQ RQ kvoj
WFpRf1PmsQGvow-RXqf1itTs#i!mrPQmV1SgPQrFfRT f1
pi := pi−γψ kVOPQ&fi!msmŁtvq1TurP&i!kTsvŁf1Szvow-kxORQff1jlT fR#T Cim!Cij kdvowkVOPQ
wpRfP1i!tQ&fPkimoQ Rvomup1kgTVvŁf2SlXSUkQt 1TsSi!P1Q!i!j 
∂tψ ' 0,

B  &o
AB
∂tp¯i ' −δij∂iφj ,

B  ,o
∂tφi ' −∂ip¯i

B  T>q

kVOPQ/SlXdtflWPvomLI ' K)tQ!if1SkVO1i!ki!msmFf1vŁfF1jlT fR#TuCi!m 0T fBkxORTVS&iSUQPi!mVqQ WRjUi!Ts 0kQj|t+SffO1i FQ)WRQQ&f vtTskgkQ!1 
NROPTVS:kjlifPSUw~voj|tQ! SlXSUkgQt TVS:Q:i kgmuXkVOPQ$Si!tQ$iS:kVOPQ pRfRtvqPTsrPQ! SlXSUkQti!k
1jlT fP TuCimCvoj PQjg1if1 TVS
 msQ!ij muXSlX-t2tQkgjlTsgOFXd1Qj WPvomsTsA:NROPQ/Q:TVSUkgQ&fP Q/vowzi/CvqSUTukT FQ~PQrFfRTskQJSlXdttQkj TT f12T fFfPQj1j vqRp1#kMTVS
T fP1Q1Q&fPPQ&fPk-vowkVOPQzW1iSUTVSzvowRXdfPi!tTs#imrPQmV1Sqexf1PQQ!RkVOPQGv!WFTVvpCSzSlXdttQkgjlT%QjCw~vojCkxORQGkjlifPSUw~voj|tQ!
SlXSUkQt2
dS2 = Λdψ2 + dp¯i2 + δijdφidφj ,

B  ,@o
= Λdψ2 + (dpi − γdψ)2 + δijdφidφj ,

B  AB
 ORQ&f Q:1j Q!SSUQ! T f kgQj tS)vow
pi
CTVS=CvqSUTskgT FQ~PQrFfPTskgQ

w~vojGCvqSUTskgT FQ
Λ
if1 SlXdttQkj TŁQ!S)kxORQJpRfRkjlifPS 
w~voj|tQ! SlXSUkQt:NROPQj|Qw~voj|QFkVOPTVS#vŁf1SUkgjUi!T fPk;~1it1Q!+w~voj|t vowkxORQ$SU#i!mVij (i RQ/SlXSUkQt TsS=SlXdttQkj Ts
ORXd1Qj~W1vomuTsffw}vojzifFX/r8:Q!flOPvoTs#Q:vowkxORQ=1it1T fP/kgTutQ!SU&i!msQ<
 8
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
G. 
 
  7" !! 	R%	C ff
NROPQFGTV1PQj 37oOPQQmRNQp'-vomVS qX   6 1Q Rvomup1kgTVvŁf@Q!{opCi!kTVvŁfPSij|Q5i5r RQgCijli!tQkQj&zdQ&fRQjUi!msTikgTVvŁf+vow
kVOPQ
SUkifPCi!j  rPjlSUkP}vojlPQj5j|Q1j Q!SUQ&fRk}i!kTsvŁf vowkxORQ mViŁSSUTu

)  B Q!{opCikgTVvŁf1Sl`T fkVOPQw}voj ti Rvo#ikgQ! WFX
Fvoj  "fiY  
∂tgij −L ~Ngij = −2NKij

B  !
∂tKij −L ~NKij = NRij +N(KKij − 2KikKkj)
−∇i∇jN.

B  5Y
NROPQ RXqf1itTs#i!mFrPQmV1SGi!j Q {gij ,Kij} -kVOPQtQkgjlTu:T fPkgjlT fPSUTs)kvkxORQ SUmsTs Q vowM#vŁf1SUkifPk t Fif1kVOPQ5Q:Łkj T f1SUTu
p1jRikxp1j Q:vowPTskS`Qt8WRQ!CPT fPJT fSlCi!#QkgTutQ<RNRORQ)dipCdQ:rPQmV1S {N,N i} omViCSUQ)if12S OPTswkgq1QkgQj tT fPQ:kVOPQ
Q Rvomup1kTsvŁf2vowRkxORQG&vqvoj PT f1i!kgQ!S
NROPQyzTs #T!kgQ&f1Svoj
Rij
fljlTskgkgQ&fJi&WPv FQ7TsS1kVO1i!kqvowokVOPQ`SlCi!kTVi!mtQkgjlTu
gij
Sv:TukoTut1muTs#TukmuXT f Rvom FQ!SMSUQ#vŁf1
SlCi!kTVi!m1PQjlT Ri!kT FQ!Svow
gij
:NRORQ/Q Rvomup1kgTVvŁf SlXSUkQt #if2WRQ j|Q!Pp1 Q!+k}vflrPjUSUk;~voj PQjw~voj|t WFX1j vt+vokgT f1
kVOPQCij kTVi!mdPQjlT Ri!kT FQ!SvowPkxORQ:SlCikgTVi!mdtQkj TswgpRfP kTVvŁfPS7kv$ifflT fPPQ1Q&f1PQ&fPk

f1vŁfRkQ&fPSvojlTVi!mVRkVOPj|QQ}T fP1Q:
rPQmVff
Dkij :=
1
2
∂kgij .

B    
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 SmVvŁfP$iS
Dkij
ŁpRfPPQj
TskSv  f(Q Pvom p1kTVvŁfFŁ1j v1Qjlm XJj|Q1j|Q!SUQ&fPkS
∂kgij/2
!TukF#if WPQ:SlpWPSUkgTskgp1kgQ!flw~vojifRX
PQjlT Ri!kT FQ!Szvow
gij
oNRORTVSzj Q&fP1QjlSkxORQ  ) SlXSUkQt rPjUSUk;~voj 1Qj 
NROPTVS:Q Pvom p1kTVvŁf SlXSUkQt2
muTRdQ$kVO1i!kzw~vojkxORQSU#imsijGrPQmVRMPQ!SU#j T WRQ!S:ROFXFSUTu&S=vŁfPmuX  ORQ&f  Qjlki!T fB&vŁf 
SUkgjUi!T fPkrPQmV1S RifPTVS O 
C := 1
2
(R −KijKij +K2),

B  Ł
Ci := ∇j(Kij −Kgij),

B  q!
Ckij := ∂kgij − 2Dkij .

B  o
NROPQ#)ff  (P!+1 ),+if1 !  fi+1(  &vŁfPSUkjliT fRk}Sl C if1 Ci PtpCSUk RifPTVS O

T f Ri! pPpPtkxORjlvpCO1vp1kQ!i!O
SlCi!kTVi!mqSUmsTu#QŁi!##vojlPT fPk}vkVOPQGw}vp1jL1T fPSUkQT f8Q!{qpCi!kgTVvŁf1S
f1vokj Q1j|Q!SUQ&fPkgQ!$T fJC{?

B /YŁ NROPQGkVOPj|QQ}T fP1Q:
#vŁf1SUkgjUi!T fPk Ckij PifPTVS ORQ!S  OPQ&f Dkij 1jlv1Qj muX(j Q1j|Q!SUQ&fPkS ∂kgij/2 -T f if1i!mVvqoX flTukxO@kVOPQ #vŁf1SUkgjUi!T fPk
vow
kVOPQ:SU&i!mVi!j
rPQmVflSlXSUkgQtV
NROPQ=fRQ  rPQmVR
Dkij
-TVSffkv WRQ#vŁf1SUTVPQj|Q!T f1PQ1Q&fP1Q&fRk1T f+wj QQ=Q Pvomup1kgTVvŁf

fQ Pvomup1kgTVvŁfQ!{qpCi!kgTVvŁf
tpCSUkMWRQPQrFfRQ! w~vojkVOPTVS)rPQmsPMvŁfRQkxOPikzTsS)&vŁfPSUTVSUkgQ&fPk flTskVO kVOPQSikgTVSUw~i! kTVvŁf vowkVOPQkVOPj|QQ}T fPPQ:8&vŁf 
SUkgjUi!T fPkFi&WPv FQ<oNRORQ:Q!{opCi!kTsvŁf(ifPimsvq-vpCSzkvM{ 

B dTVS
∂ˆ0Dkij =
1
2
∂k(∂ˆ0gij),

B  6o
= −∂k(NKij),

B  />q
 ORQj QGkVOPQ:S O1voj kxOPifP
∂ˆ0
j|Qw}QjUSkv5kxORQ:1Qj T RikgT FQ
∂t −L ~N
oi!mVvŁf1 kVOPQf1voj|t+i!mqk}v5kVOPQ:SlCikgTVi!mqSUmsTs Q


NROPQ:Q Pvom p1kTVvŁf+SlXSUkQt O1iSfPv  WRQQ&f fljlTukkgQ&f2T f2rPjUSUk;~voj 1Qjzw}voj t2-ifP flQ=&ifWPQ!qT f2kv$iS 8i#W1vp1k
TskS)ORXd1Qj WPvomsTs TskxX/ FGTV1PQjgL7oOPQQmuif1 NŁQp'vomsS dX   6 O1i FQflS O1v  f kVO1i!kffkVOPQfli#WPv RQ(SlXSUkQtE&if WRQ
j|Q&f1PQj Q!DSUkgjlvŁfPqmuX ORXd1Qj WPvomsTu flTskVObiwQ  SUTut1msQ2t+vqPTsrP#ikgTVvŁf1SDNPORQ2rPjlSUkvowkxORQ!SUQTVS/&vt2t+vŁfPm X
j|Qw}Qjlj|Q!$kv iŁSL#6fi+ & (P 	)(P %!+C!  G( <fi  )fl& fi yi!kxORQjkVO1ifflr8:T fP
N
PTsj|Q#kgmuX  flQr8:5i:j|QmVi!kQ!rPQms
Q
PQrFfPQ!
WFX
N = gγ0 exp(Q),

B 6@
 ORQj Q
g
TsSffkxORQ5PQkQj|tT fPifRk1vow
gij
if1
γ0
TVSi#vŁf1SUkifRkPfPvŁf ŁQjlv/Cijli!tQkQj 1NROPQvo#p1j Q&fR#Q!S7vow
∂kgij
kVO1i!kMkVOPQ&f+ij TVSUQ ij TVSUQwjlvt kxORQ ∇i∇jN kgQj t T fC{ 

B /YŁ1ij|Q)j|Q1mVi!#Q!WRX
2Dkij
7NROPQ SUQ#vŁf1tvq1T
rP#ikgTVvŁf@j|Q!{op1Tsj Q!2w~voj7OFXd1Qj WPvomsTs TskxXTVSGkVOPQ i11TukTVvŁf+vow
kgQj tSk}v8kVOPQ5Q Rvomup1kTsvŁf@Q!{opCikgTVvŁf1SGw}voj
Kij
if1
Dkij
kVO1i!kFi!j Q1j vCvojlkgTVvŁfPimqkv5kxORQ:#vŁf1SUkgjUi!T fRk}S
∂ˆ0Kij = ...+ γ1NgijC + γ2NgabCa(ij)b,

B  <B
∂ˆ0Dkij = ...+
1
2
γ3Ngk(iCj) +
1
2
γ4NgijCk,

B  o
^ N "fi'Wfi.!fi
∂ˆ0
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Dkij
M
AB!
 ORQj Q kVOPQ QmsmsTuCSUQ!SGj|Qw}Qj`k}vflkxORQ jlTVOPkSUTVPQ!S:vowLM{dS

B 5YŁMif1

B 6>o `NROPQ w}vp1jT f1PQ:v!W4sQ k Cklij :=
2∂[kDl]ij
pCSUQ!/OPQj|Qff#if5WRQkVO1vpCOPkvowFiSif1vokVOPQjC&vŁfPSUkjliT fPkxWFp1kdTsk RifRTVS OPQ!Sip1kvt+i!kTs#i!msmuX  ORQ&fPQ FQj
kVOPQ)kVOPj|QQ}T f1PQ:#vŁf1SUkgjUi!T fPk RifRTVS OPQ!SPNPORQ=Ci!jUitQkgQjUS {γ0, ..., γ4} 1v fPvokCiwgw}Q kkVOPQ:RORXSUTs#imSvomup1kgTVvŁf
SlCi!#Q`vowqkxORQ`Q!{opCi!kTsvŁf1S
T fJifRX (i!X WFp1kqkVOPQX1Tuj Q km X5i!wwQ#kkxORQ`1j T fP TuCi!m!Ci!jlkvowdkxORQ`Q Rvomup1kgTVvŁf8SlXSUkgQtV
egfByzQw    6 x'FGTV1PQjg'7ORQQmMif1BNQp'-vomVS qX PQkQj|tT fRQ! Slp1wgrP#TsQ&fRkz&vŁfPPTskTsvŁf1Sw~vojGkVOPQ!SUQ/Cijli!tQkQjlS
kVO1i!k7j|Q&f1PQjkVOPQ8Q Rvomup1kTsvŁfDSlXSUkQtESUkj vŁf1qmuX+OFX-1Qj~WPvomsTsA8exf yzQw    flB zif1 if iP1Q&f1PTR:2vow`yzQw    /> x
kVOPQ!SUQ:ij opPtQ&fRk}S flQj|QGQ:kgQ&f1PQ!Rif18Tsk fliŁSi!mVSvt+i1QG msQ!i!j
vŁf $O1i!kFSlpWPSUQkRvowFkxORQCi!jUitQkgQjMSlCi Q
kVOPQQ!{opCikgTVvŁf1S7Si!kTVSUrPQ!8kVOPQ:SUkgjlvŁfPdQj
&vŁfP1TukTVvŁf2vowRSlX-t2tQkgjlTsORXd1Qj WPvomsTu#TskxX
NROPQ5w}vo pCSvowkVOPTVSGCi1QjffTVSi wp1jlkVOPQj`t+vqPTsrP#ikgTVvŁf vowMC{ 

B o!Mi!mVvŁf1flkVOPQ/Si!tQ msT fPQ!SiSGkxOPik
1Q
SU jlT WRQ!flT f 7oQA1B   1DQj|QGkxORQ)dvqi!mdTVS7kv5t+vqPTswXkxORQ:Q Rvomup1kgTVvŁfvowPkxORQ=kVOPj|QQ}T f1PQ:)#vŁf1SUkgjUi!T fPkx  ORTsOT f
kVOPQ:vojlPT fPij|X FU7oN(SlXFSUkgQt TVSzTut21msTsQ!flk}v5Q Rvom RQ:iS
∂ˆ0Ckij = −γ3Ngk(iCj) − γ4NgijCk.

B  ,Y
flvokgQJkVO1i!kkVOPQ5fPQQ!@w~voj1it1T fPflOPQj|Q TVSGt+voj|QJPTsj|Q kxOPif T f kxORQ$SU#imsijrPQmsB#iŁSUQ< DJX-1Qj~WPvomsTs TskgXj Q
{op1Tsj|Q!S
γ3
ifP
γ4
kvWRQfff1vŁf?Qj vŁSv5ifFX FTVvomVi!kgTVvŁf(vowFkVOPQtvtQ&fRkgpPt #vŁf1SUkgjUi!T fPk flTsmumqw}QQ!8PTsj|Q#kgmuX T fRk}v
kVOPQ:kxORj QQT f1PQ:#vŁf1SUkgjUi!T fPk NROPTVSTVS7&vpRfRkQj|Q!2iSzT f2kxORQ:1j|Q FTVvpCSSUQ#kgTVvŁfWFXT fR#mupCPT fPJkgQj tS1j vCvoj
kgTVvŁf1i!mqk}v5kVOPQkVOPj|QQ}T fP1Q: #vŁf1SUkgjUi!T fPkRT fflkxORQQ Pvomup1kgTVvŁf(Q!{opCi!kTVvŁf8w~voj
Dkij


S flQ flTumsmdSUQQT f(iGt+vtQ&fRkg
tp1mukTu1muQ!S7vowkxORQGkjli Q!SlPQ&f1vokgQ! C1k := gijCkij
ifP C2j := gkiCkij
t2pCSUkoWRQi11Q!JT f(SUQCi!jUi!kQmuX !Sv5kVOPQ
j|Q!Slp1mskT f1 Q Pvomup1kgTVvŁf(Q!{opCi!kTVvŁf8TVS
∂ˆ0Dkij = ...+
1
2
γ3Ngk(iCj) +
1
2
γ4NgijCk
+
1
2
Nγ5Ckij + 1
2
Nγ6C1kgij
+
1
2
Nγ7C2(igj)k +
1
2
Nγ8C1(igj)k
+
1
2
Nγ9C2kgij .

B    
NROPQflkgQj t 1j vCvojlkgTVvŁfPimzkv
γ5
TsS/if1i!mVvqdvpCS5k}v+kVOPQflkgQj t 1j vCvojlkgTVvŁfPimzkv
γ
T f C{ 

B   (NROPQflkQj|t+S
1j vCvojlkgTVvŁf1i!mRkv
γ6

γ7

γ8
Rif1
γ9
i!j QfPQ Q!SSUTskikgQ!(WRX(kVOPQ)OFX-1Qj~WPvomsTs TskgX(#vŁf1PTskgTVvŁf1Sl  OPTuO 8Q)f1v 
#vŁf1SUTVPQj 
NROPQ1j T fP TuCi!moCij kFvowRkVOPTsS7SlXSUkgQt TVS
∂ˆ0gij ' 0,

B  Ł
∂ˆ0Kij ' N [gabδci δdj − (1 + γ2)gadδb(iδcj)
−(1− γ2)gbcδa(iδdj) + (1 + 2γ0)gcdδa(iδbj)
−γ1gadgbcgij + γ1gabgcdgij ]∂aDbcd,

B  q!
AB/
∂ˆ0Dkij ' −N [δckδai δbj −
1
2
γ3g
cagk(iδ
b
j)
−1
2
γ4g
cagijδ
b
k +
1
2
γ3g
abgk(iδ
c
j)
+
1
2
γ4g
abgijδ
c
k]∂cKab
+N [
1
2
γ5δ
c
kδ
a
i δ
b
j +
1
2
γ6δ
c
kg
abgij
+
1
2
γ7g
caδb(igj)k +
1
2
γ8g
abδc(igj)k
+
1
2
γ9g
caδbkgij ]∂cgab.

B  o
D$Xd1Qj WPvomsTu#TskxX+TVS flQmsmCQ!SUk}i#WRmsTVS ORQ!Bw~vojkVOPQJSUk}if11i!jlFU7oN SlXSUkgQt
γ5 = γ6 = ... = γ9 = 0
1Sv2iŁS:T f
7oQA<B  TskdTVSPWRQ!SUkqkv5SUQQ5iGmsT fRQ!ij1O1if1qQGvow Pi!jlTsi&WRmsQ!SCk}v)j|Q!Rp1#Q7kVOPQ#vŁf1SUkgjUi!T fPk;~1it1Q!SlXSUkgQt kv)kVOPQ
SUkifPCi!j 8SlXFSUkgQtV  vŁfRkT fFp1T f1JkxORQ=if1i!mVvqoX flTskVOflkxORQ:SU&i!mVi!j
rPQmVRŁPQrFfPQ
K¯ij := Kij − 1
2
γ5gij .

B  6o
NROPQ&f(kVOPQ:Q!{opCikgTVvŁf(w~voj
∂ˆ0K¯ij
O1iSzkxORQ)SitQ1jlT fP TuCimoCi!jlkFiŁSkVO1i!kFw~voj
∂ˆ0Kij
dNPORQ=Q!{opCi!kTsvŁf(w~voj
∂ˆ0Dkij
WRQ&vtQ!S
∂ˆ0Dkij ' −N [δckδai δbj −
1
2
γ3g
cagk(iδ
b
j)
−1
2
γ4g
cagijδ
b
k +
1
2
γ3g
abgk(iδ
c
j)
+
1
2
γ4g
abgijδ
c
k]∂cK¯ab
+N [
1
2
(γ6 − 1
2
γ4γ5)δ
c
kg
abgij
+
1
2
(γ7 +
1
2
γ3γ5)g
caδb(igj)k
+
1
2
(γ8 − 1
2
γ3γ5)g
abδc(igj)k
+
1
2
(γ9 +
1
2
γ4γ5)g
caδbkgij ]∂cgab.
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e}wgw~vojzi!j WRTskgjUi!j X
γ5
ŁkxORQwp1jlkVOPQjCCijli!tQkQjlSi!j QGr8:ŁQ!(iS
γ6 =
1
2
γ4γ5

B  6@o
γ7 = −1
2
γ3γ5

B  <B
γ8 =
1
2
γ3γ5

B  o
γ9 = −1
2
γ4γ5,

B  ,Y
AB>
kVOPQ&fflkVOPQG1jlT fP TuCimdSlXSUkgQtŁT fflkVOPQkgjUif1SUw~voj|tQ! Rij TVi&WRmsQ!SlmVvqSUQ!SifRXJj QwQj Q&fR#Q`k}v
γ5, ..., γ9

∂ˆ0gij ' 0,

B    
∂ˆ0K¯ij ' N [gabδci δdj − (1 + γ2)gadδb(iδcj)
−(1− γ2)gbcδa(iδdj) + (1 + 2γ0)gcdδa(iδbj)
−γ1gadgbcgij + γ1gabgcdgij ]∂aDbcd,

B  >
∂ˆ0Dkij ' −N [δckδai δbj −
1
2
γ3g
cagk(iδ
b
j)
−1
2
γ4g
cagijδ
b
k +
1
2
γ3g
abgk(iδ
c
j)
+
1
2
γ4g
abgijδ
c
k]∂cK¯ab.
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NROPTVSGTVSkVOPQ51j T fP TuCi!mCi!jlkMvow
kVOPQ SUkifPCi!j  FU7oN SlXFSUkgQtV 7ovw~vojifRX Rim p1Q vow
kVOPQCi!jUitQkgQj
γ5
 flTskVO
γ6, ..., γ9
r8:Q!$WRXNC{-S

B <@ 

B fiYŁ
9
qkVOPQGORXd1Qj WPvomsTu#TskxXflvowCvp1jt+vqPTsrPQ!SlXFSUkgQt TVSkxORQSitQ=iŁSkxOPik
vowRkVOPQ#vojlj|Q!SlCvŁf1PT f1/SUkifPCi!j JFU7oN(SlXFSUkgQtV
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E1QkŁpCSRf1v  kgp1jfJvp1j1ikgkgQ&fPkgTVvŁf/k}vkVOPQ7Q Pvomup1kgTVvŁf$vowqkVOPQ7&vŁfPSUkjliT fRkorPQmV1S1T fJvp1jRt+vqPTsrPQ! FU7oN$Q Rvomup1kgTVvŁf
SlXSUkQt  =T RQ&fkVOPQ1QrFfRTskgTVvŁf1SvowGkVOPQ2&vŁfPSUkjliT fPkS$T fkQj|t+S/vowkxORQwpRfP1i!tQ&fPkim7RXqf1itTs#imrPQmV1Sl
if Q Rvomup1kgTVvŁf SlXFSUkgQtw~vojkxORQ$#vŁf1SUkgjUi!T fPkS)w}vomsmVv (Swjlvt vp1j:wpRfPCitQ&fRk}i!m1Q Pvom p1kTVvŁf Q!{opCikgTVvŁf1S e}kTVS
Tut2CvojlkifRkgw~vojMkxORQ&vŁfPSUkjp1#kgTVvŁf2vow&vŁfPSUkjliT fRkPg1j Q!SUQj RT f1WPvpRf11i!j X/&vŁfPPTskTsvŁf1SlokVO1i!k-kxORTVSSlXFSUkgQt i!mVSv
WRQ)SlXdt2tQkgjlTsgOFX-1Qj~WPvomsTs   />fl6@! 3RNRORQ=1jlT fP TuCimqCi!jlkPvowPkVOPTsS`Q Rvomup1kTsvŁf+SlXSUkgQt #if$WPQ=Q:Ł1j|Q!SSUQ!
iSl
∂ˆ0C ' −1
2
(2− γ3 + 2γ4)Ngij∂iCj
+
1
2
(γ8 − 2γ6 − γ5)Ngij∂iC1j
+
1
2
(γ7 − 2γ9 + γ5)Ngij∂iC2j ,

B  >Ło
∂ˆ0Ci ' −(1 + 2γ1)N∂iC
+
1
2
Ngklgab
[
(1− γ2)∂kClabi + (1 + γ2)∂kCailb
−(1 + 2γ0)∂kCliab
]
,

B  ><o
∂ˆ0Ckij ' 0,

B  >6>q
∂ˆ0Cabij ' −1
2
Nγ3gi[a∂b]Cj −
1
2
Nγ3gj[a∂b]Ci
;
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−Nγ4gij∂[bCa] −Nγ6gij∂[bC1a]
−1
2
Nγ7gi[a∂b]C2j −
1
2
Nγ7gj[a∂b]C2i
−1
2
Nγ8gi[a∂b]C1j −
1
2
Nγ8gj[a∂b]C1i
−Nγ9gij∂[bC2a],

B  ><@o
 ORQj QkVOPQ)w~vp1j }T fP1Q:/v!W4sQ k Cklij := 2∂[kDl]ij
TVS#vŁf1SUTVPQj|Q!ifT fPPQ1Q&f1PQ&fPk1#vŁf1SUkgjUi!T fPkxSvkxOPik1kVOPQ
#vŁf1SUkgjUi!T fPkQ Pvomup1kgTVvŁf2SlXSUkgQt TVSzrPjUSUk;~voj 1Qj 
NROPQJT fP mupCSUTVvŁf vow7kVOPQ$kgQj tS=1j vCvojlkgTVvŁf1i!m
kv
γ5, ..., γ9
T f C{dS

B >Ł 

B ><@CO1iSSUQjlTsvpCSUmuX &vt=
1msTs#i!kQ! kxORTVS)SlXSUkgQtVffE1Qk
pCS:&vŁfPSUTVPQjgROPv flQ FQjgCkVOPQ/&iSUQJ#vŁf1SUTs1Qj|Q! i#WPv RQ $OPQj|Q
γ5
TVS)i!j WRTskgjUi!j X 
if1 kVOPQ8vokVOPQjGCi!jUitQkgQjUS:ij|Q/r8:Q!@WFX C{dS

B 6@

B fiYŁ egf kxORTVS)#iŁSUQMiJfFpPtflWRQj:vow`j|Qt+i!j-i#WPmuQ
SUTut21msTsrP#ikgTVvŁf1S7vo  p1jzif18kVOPQ:i#W1v FQSlXSUkQt #if/WRQ fljlTskgkgQ&f(iŁS
∂ˆ0C ' −1
2
(2− γ3 + 2γ4)Ngij∂iC¯j ,

B  >flB
∂ˆ0C¯i ' −(1 + 2γ1)N∂iC
+
1
2
Ngklgab
[
(1− γ2)∂kClabi + (1 + γ2)∂kCailb
−(1 + 2γ0)∂kCliab
]
,

B  >q
∂ˆ0Ckij ' 0,

B  >fiY
∂ˆ0Cabij ' −1
2
Nγ3gi[a∂b]C¯j −
1
2
Nγ3gj[a∂b]C¯i
−Nγ4gij∂[bC¯a],

B  > 
PQrFfPT fP/kVOPQfRQ  &vt8WPT f1i!kTVvŁf C¯k := Ck + 12γ5C1k − 12γ5C2k

NROPTVS#vŁf1SUkgjUi!T fRkffQ Rvomup1kTsvŁf SlXSUkQt O1iS kVOPQflSitQJ1jlT fR#TuCi!m
Ci!jlk7iSkxORQflSUk}if11i!jl FU7oN #vŁf1SUkgjUi!T fRk
SlXSUkQt+NROFpCSl  OPQ&f kxORQflCi!jUitQkgQjUS)ij|Q8OPvqSUQ&fBWFX C{dS

B <@ 

B fiYŁgCkVOPQORXd1Qj~W1vomuTs#TukgX vowkVOPQ
wpRfP1i!tQ&fPkim-if1#vŁf1SUkgjUi!T fPk1Q Rvomup1kgTVvŁf+SlXSUkgQt+Si!j|Q=T fPPQ1Q&f1PQ&fPk1vow1kVOPQ=Ci!jUitQkgQj
γ5
dSvvp1jztvq1T
rP#ikgTVvŁf1S1v)f1vokPi!mskgQj
kVOPQORXd1Qj~W1vomuTs#TukgX$vowRkVOPQ!SUQ:SlXSUkQtS
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t T f@dQ&fRQjlTs)SUTutp1msikgTVvŁf1STVSGQ!SSUQ&fPkgTVi!msmuXflf1v
PTswgw}Qj|Q&fPk1kxOPif kVOPQ wgp1msmFfRpPtQjlTs#imPj|QmVi!kT RTskxX(1jlv!WRmsQt Tuk}SUQmsw exf vojlPQj`k}v(qQkSvtQ5O1if1PmsQRikMkxORQ$if8
i!muX-kTs#i!m7muQ RQmu`vŁf kxORQ2Qwgw}Q kvow:vp1j5t+vqPTsrP#i!kTVvŁfPSl 8Q#vŁf1SUTVPQj5#vŁf1SUkgjUi!T fPk; FTVvomVi!kT f1 1Qjlkxp1j WPi!kTsvŁf1S
vowff T f8-v (S dTffSlCi! QkTutQ<  :WFTVvpCSUmuX kVOPQ!SUQflQ!SUkgTut+i!kQ!S flTsmumzfPvokWRQfl&vt21msQkQm X j|QmsQ PifPk7T fSUTut2p1mVi/
kgTVvŁf1S`vowRT fPkgQj|Q!SUkgWRp1kFikmsQ!iSUkRT f(kVOPQ:msTutTukPvow1S O1voj kP (i FQmsQ&fPdkVOfl1Qjlkxp1j WPi!kTsvŁf1SlŁkxORQ)PQ1Q&f1PQ&fR#Q:vŁf(kVOPQ
SlCi!#QkgTutQGW1i!qj vpRf1+S OPvp1mV(WPQ=tT fRTut+i!m;exfkVOPTsS:SUQ&fPSUQSUk}i#WRTsmsTskxX2vow
S OPvojlk; (i RQmuQ&f1qkxO&vŁfPSUkjliT fPk;
AB6B
FTVvomVi!kT fP21Qjlkxp1j WPi!kTsvŁf1S:vow T f8-v (S dTMSlCi QkT tQ/TVS)i/fRQ#Q!SSi!j X&vŁfPPTskTsvŁf w}vojG&vŁfPSUkjliT fRk1i!t21T f1
T f qQ&fRQjUi!m;  f1  ORTsmsQJvp1j` T f -v (S dTR~SlCi!#QkgTutQJif1i!muXSUTVSvow
msvŁf1  (i FQmsQ&f1qkVO@t+vqPQ!St+iXflfPvokPWRQ
PTsj|Q#kgmuXj|QmsQ RifRkw~vojQ Rvomup1kgTVvŁf1Svowp1jFQ! SlCi!#QkgTutQPpRf1SUki&WRmsQJmVvŁf1  fli FQmsQ&f1qkVO t+vqPQ!SS O1vp1ms ik
msQ!iSUkoWRQ:PTVSU#vŁfP QjlkgT f1oiŁSi:SUTVf1i!mqkxOPikT f1SUki&WRTsmuTskTuQ!S7i!j|QGmsTRdQmuXJT f(qQ&fPQjlimdSUTut2p1mVi!kTVvŁfPS
NROPTVS7if1i!muXSUTVSzT f Rvom FQ!S7kVOPQ:wp1msm

f1vok4 pCSUkF1jlT fR#T CimV&vŁfPSUkjliT fRkRQ Rvomup1kTsvŁfSlXSUkgQtmsT fPQ!i!jlT%Q!fli#W1vp1k
kVOPQmsTutTskRkVO1i!k
gij = δij

Kij = Dkij = 0

N = 1

N i = 0
oegf8kxORTVS7#vŁfPkgQ:kxŁkxORQ:wgp1msmq#vŁf1SUkgjUi!T fPkRQ Rvomup1kgTVvŁf
SlXSUkQt WPQ#vtQ!S
∂tC = −1
2
(2− γ3 + 2γ4)δij [∂iCj + 1
2
γ5∂iC1j
−1
2
γ5∂iC2j ],

B  @Ł
∂tCi = −(1 + 2γ1)∂iC
+
1
2
δklδab
[
(1− γ2)∂k∂[aCl]bi + (1 + γ2)∂k∂[iCa]lb
−(1 + 2γ0)∂k∂[iCl]ab
]
,

B  @q!
∂tCkij = −γ5Ckij
−γ3δk(iCj) − γ4δijCk
−1
2
γ3γ5δk(iC1j) −
1
2
γ4γ5δijC1k
+
1
2
γ3γ5δk(iC2j) +
1
2
γ4γ5δijC2k .

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flvokgTs QffkVO1i!k flQi!j QfPv)mVvŁf1qQj1#vŁf1SUTVPQjlT f1 Cklij if/T fP1Q1Q&fPPQ&fPkq#vŁf1SUkgjUi!T fPkqrPQmVHegf$i!#kxpCi!mQ Rvomup1kgTVvŁf1Sl
 ORQj Q`kxORQffwpRfP1i!tQ&fPkimrPQmV1S
i!j Q7Q Rvom RQ!R&fPvokkVOPQ`&vŁfPSUkjliT fPkSl!kxORQkxORj QQdif1Jw~vp1j }T fP1Q:G#vŁf1SUkgjUi!T fRk}S
Si!kTVSUwgX$kVOPQTVPQ&fRkTskxX
Cklij = ∂[lCk]ij .

B  @6o
TVvomVi!kgTVvŁf1S7vowRkVOPTVSTVPQ&fPkgTskxX flTumsmf1vokPiP1Q!i!jMT f8Q Pvomup1kgTVvŁfPS
flv  kxORQi#W1v FQSlXSUkgQtTVS`SUTut1muTsrPQ!(WRXj Q!Svom FT fP8imsm-#vŁf1SUkgjUi!T fPkCrPQmV1S`T fRk}vn-vp1j TsQjzt+vqPQ!SMNROPTVS
O1iS)kVOPQw}voj timCQwwQ#kvow`j|Q1mVi!#T fPi!msm
SlCi!kgTVim
PQjlT RikgT FQ!S
∂j
flTskVO −ikj Mif TutiŁqT fPij|X+pRfPTskkgTutQ!Si
1j vCiŁdi!kTVvŁf FQ k}voj
kj
=NPORQJj|Q!Slp1mskTsS)i$SlXSUkgQtvowz&vpP1msQ!  5 CS=w}vojGkxORQ Rij TVvpCS&vŁfPSUkjliT fRkt+vqPQ!S
cA(ki, t)

∂tc
A = MAB c
B .

B  @/>q
CiO QTVqQ&f FQ k}voj vow
MAB (ki)
Q Rvom RQ!S/iS
exp(st)
w~vojSvtQ
s(ki)
 NROPQ(j Q!i!mCi!jlkGvow
s
TVS kVOPQjlikgQ(vow
Q:ŁCvŁfRQ&fPkgTVi!mMqj v flkVO

vojG1it1T fPqRTsw
fPQ!di!kT FQ!
w}vojkxORQJ#vojlj|Q!SlCvŁf1PT fP(tvq1Q<==p1Q/kvflkxORQJj vok}i!kgTVvŁf1i!m
T fPi!jlTVifP Q/vowzkxORQ/1j v!WRmsQtFkxORQ!SUQJQTsdQ&fPi!mup1Q!S:S O1vp1mVBPQ1Q&f1 vŁfPmuX@vŁf kVOPQ t+ifPTskxpCPQ$vow
ki
1SvflkVOPQ
1j vCiŁdi!kTVvŁf RQ kvojTVSPQ&vt2CvqSUQ!(iS
ki = kni
 OPQj|Q
ni
TVSiGpRfPTsk RQ k}voj 
NROPTVS:QTVqQ&f Rim p1Q/1j v!WRmsQt f1i!kgp1jlimsm Xj|Q!Pp1 Q!ST fPkvSlpWPSlCi Q!S:i &voj PT f1(k}v Pi!jlTsvpCS:CvqSSUT WRmsQ$Sl1T f
flQTVORk}Sfli#W1vp1kkVOPQ1j vCiŁdi!kTsvŁfbPTsj|Q#kgTVvŁf
ni
bNPORQj Q2TVS8i+r RQ}PTutQ&fPSUTVvŁf1i!mGSlCi!#Q+vow=mVvŁf1qTskxpCPT f1i!m
AB
t+vqPQ!S {C, Cn, C1n, C2n, Cnnn}
  OPQj|Q Cn := niCi GQkgAHNPORQj QTVS8imsSv i r FQ~PTutQ&f1SUTVvŁfPimSlCi!#Qvow
kgjUif1S FQjUSUQ FQ k}vojtvq1Q!S {CI , C1I , C2I , CInn, CnnI}
 $OPQj|QJ#i!1Tuk}i!mHECi!kT f T f1PTs Q!Sf1v j QwQjkvik flv
PTutQ&fPSUTVvŁf1i!m RQ kvojqWPiŁSUTsSCvoj kxOPvqdvŁf1i!mkv
ni
ŁNROPQzj|Qt+i!T fRT f1&vŁfPSUkjliT fPkorPQmV1Sl flTskVO5OPTVORQjPSl1T f flQTVORkg
i!j Q=j Q1j|Q!SUQ&fPkgQ!2it+vŁfP8kxORQ Pi!jlTsvpCS`1jlv54uQ#kgTVvŁf1SffvowMkVOPQkvokimsm X2kgjUi! Qw}j|QQCi!jlk1vow Ckij   qmVifP Q5i!k8M{ 

B @ŁdS O1v (SkVO1i!kRi!msmqvowRkVOPQ!SUQOPTsoOflSl1T f8 flQTVOPkRrPQmsCS1j vCiŁdi!kQffkj T RTsimsm X flTukxO
s = −γ5 T f1PQ1Q&f1PQ&fPk
vow(i FQmsQ&f1qkVOH-NROPQXij|QGkVOPQj|Qw~voj|QCit1Q!8Q:CvŁfPQ&fPkgTVi!msmuXvŁfkVOPQkgTutQ!SU#i!msQ
γ−15
w~voj
CvqSUTukT FQ
γ5
-NROPQ
mVvŁfPdTukgpCPT fPim-if18kjlifPS RQjlSUQG&vŁfPSUkjliT fPkFtvq1Q!Szj|Q!{op1Tsj Q`t+voj|Q:#i!j Qwgp1m#vŁf1SUTVPQjUi!kgTVvŁfH
 

 
   fl!ff513# fl# 13#%fi
 (fl  /5
ffifl!  ,
3 #%
NROPQGqj v flkVO8jUi!kgQ!SvowkVOPQffkjlifPS RQjlSUQ RQ kvojCtvq1Q!S
ij|Qffj|QmVi!kQ!$kvkVOPQQTVqQ&fPi!mup1Q!SvowiGr RQsWRX1r RQffti6
kgjlTR: RNRORj QQ=vowPkxORQ!SUQ)QTVqQ&fPi!mup1Q!S7SUTut1muXQ!{qpCi!m −γ5 PNRORQ=j|Qt+i!T fPT f1Jk (vJij|Q:Svomup1kTsvŁf1SGvow1i{opCi1jlikgTs
Q!{opCikgTVvŁfFoif1(PQ1Q&f18vŁf (i RQmuQ&f1qkxOfliŁS
s(k) = −1
2
γ5Γ±
√
1
4
γ25Γ
2 − v22k2,

B  @6@o
 ORQj Q flQ:PQrFfPQGkVOPQ#vŁf FQ&fPTsQ&fRkPS O1voj kxOPifP
Γ :=
1
2
(2− γ3 + 2γ4),

B  @<B
if1
v2
TVS:vŁfPQJvowzkxORQ/O1i!jUi! kQj TVSUkTuSl1QQ!1SvowzkxORQ FU7N SlXSUkQt

j QmsikgT FQ5k}vORXd1QjUSlp1j w~i!#Qxf1voj|t+i!mPv!W 
SUQjFQjUSx
v22 :=
1
8
γ3(1− 3γ2 − 4γ0)− 1
4
γ4(1 + 6γ0).

B  @o
flvokgTs QJkVO1i!kzvŁfPQ/t+vqPQ/TVSpRfP1i!t21Q!BT f kVOPQ/mVvŁf1  (i FQmsQ&fPdkVO

k → 0 MmsTutTukg  ORQj Q/vŁfPQ/j vqvokzT fVC{?

B @<@WRQ#vtQ!S'Qj v1NROPTVSCTVS1fPvokdSlp1j 1j TVSUT f1 vokVOPQj1#vŁf1SUkgjUi!T fPk;~1it1Q!Jj|Q1j|Q!SUQ&fPkikgTVvŁf1S1vowdkVOPQ CT f1SUkgQT f
SlXSUkQt OPi FQ)kVOPQ=Si!tQ=1j v1QjlkxX  VŁo  Regf(1jUi!#kgTs QomVvŁfP (i RQmsQ&fPqkxO2#vŁf1SUkgjUi!T fPkRtvq1Q!S`S O1vp1mV
WRQUdTsmsmsQ!(vowwoWFXJ1j v1Qj
#vŁf1SUkgjUi!T fPk;1j|Q!SUQjFT fP=WPvpRfPCi!j XJ#vŁf1PTskgTVvŁf1S
egf8kxORQS O1vojlk (i FQmsQ&fPdkVO

k →∞ -msTutTukgŁkxORQ:1TsSl1QjUSUTVvŁf(j|QmVi!kTVvŁf WRQ&vtQ!S
s(k) → −1
2
γ5Γ± iv2k.

B  @,Y
NROPQ!SUQj|Q1j|Q!SUQ&fPkF1j vCiŁdi!kT f1$t+vqPQ!SvowCkVOPQ#vŁf1SUkgjUi!T fPkMSlXSUkQt2Cit1Q!ik1S OPvojlk (i FQmsQ&fPdkVOvŁf+kVOPQ
kgTutQ!SU#imuQ
( 12γ5Γ)
−1  8vokTs QkxORQSUTVfPTsrP#ifP Q)vowkxORQ:#vŁf1SUkifPk Γ
DvqSUkFvowFkxORQtvqPQ!Sj|Q!{op1Tsj|Q
γ5 > 0
w}voj
1i!t21T f1oSvkVOPQ51it1T fP8vowMkVOPQtvq1Q!S`j QwQjlj|Q!(kvT f C{ 

B @,YŁFj Q!{op1Tsj|Q!S
Γ > 0
iS flQmum;NRORpCSl-kVOPQ
1i!t21T f1=&vŁfP1TukTVvŁf$1mVi!#Q!SCi`fPQ >&vŁfP1TukTVvŁfvŁf$kxORQSUkifPCi!j CFU7oN$Ci!jUitQkgQjUS {γ0, ..., γ4}  WRQXvŁf1kVOPQ
#vŁf1PTskgTVvŁf1SkxORQXJt2pCSUkPSi!kTVSUwgX/w~vojkVOPQ:SlXSUkQt k}v:WRQORXd1Qj WPvomsTsA
ABY
 

 
    
4  /fffi
ffifl 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#%
NROPQ=mVvŁf1qTskxpCPT f1i!mtvq1Q!SffiŁdi!T f2T f Rvom FQ)kVOPQQTVqQ&fPi!mup1Q!SffvowCir FQVWFX1}r FQ:tikgjlT:-1exfkVOPTsSff&iSUQ:k (v$vow
kVOPQQTVqQ&f Rim p1Q!Szij|QSUTut1m X −γ5 oNROPQGj|Q!SUkRi!j QkVOPQj vqvok}SvowkxORQ:pWRTs`Cvom XdfPvtTVi!m
s3 + γ5Γs
2 + k2v23s+ k
2γ5Γ(1 + 2γ1) = 0,

B  @  
 ORQj Q
v3
TVS`if1vokVOPQjMOPijli kgQjlTVSUkgTs`Sl1QQ!PŁqT FQ&fJWFX
v23 :=
1
2
(1 + 2γ1)(2− γ3 + 2γ4)− 1
2
γ2γ3.

B  B
yi!kxORQj:kVO1if dT RT fP&vt21msTs#ikgQ! if1i!muX-kTu5Q:Ł1j|Q!SSUTVvŁf1S:w~vojkxORQj vqvok}S=vow7kVOPTsS)CvomuXqf1vtTsimu flQ$SUTut1muX
#vŁf1SUTVPQjiSlXdt1kvokTu=msT tTskSGT f
k
ndTsjlSUkgT f@kVOPQ5msvŁf1  (i FQmsQ&f1qkVO

k = 0
CmuTutTskxRk (vj vqvok}S RifPTVS O+ifP
kVOPQkxORTsj flTsS −γ5Γ oNPORTVSzTVS RQj|XJSUTutTsmsijkv kxORQGmVvŁf1  fli FQmsQ&f1qkVO$WRQ&O1i RTVvoj
vowRkVOPQ RQ kvoj
t+vqPQ!S
egf kVOPQS O1voj kP (i FQmsQ&fPdkVOmsTutTskg`kVOPQflCvomuXqf1vtTsimWPQ#vtQ!SJSUT f1op1mVi!j  NRORQkgQj t+S51j vCvojlkgTVvŁf1i!m`kv
k2
1vtT f1i!kQ+kVOPQ+CvomuXqf1vtTVi!mu:msQ!i FT fP i@msT fRQ!ij$Q!{qpCi!kgTVvŁfH NROPQ+j vqvokvow=kxORTVS8msT fPQ!i!jQ!{opCi!kTVvŁfF
s =
−v−23 γ5Γ(1 + 2γ1)
!TVSkVOPQUffi fiP.   )Affi'ffi !T!T(-vowFkVOPQffCvomuXqfPvtTVi!mqT f8kVOPTsSmsTutTuk oNROPQGk (vj QtiT fPT fPjlvqvokSzPTVSi!'
1Q!i!jzw}j vt kVOPQ)i&WPv FQ=CvomuXqfPvtTVi!mFT fkVOPQ)muTutTsk
k → ∞ CNROPQ!SUQ)SUT f1op1mVi!j7jlvqvokS`#vojlj|Q!SlCvŁf1kvJkgjUi FQmsT f1
t+vqPQ!Sl 8TskxO Tut+iqT f1i!j X@Ci!jlkmsT fRQ!ij=T f
k
T f kVOPTsS5msTutTuk NROPQX #if@WPQ8w}vpRf1 WFXBSlpW1SUkgTskxp1kT f1Bw}voj
s
i
Cv flQjGSUQj TsQ!ST f
k

s = s1k + s0 + s−1k−1 + ...
T f@kVOPQ/i&WPv FQ5CvomuXqf1vtTsimCif1@Svom FT f1(kxORQ/j|Q!Slp1mskgT f1
CvomuXqf1vtTVi!mvoj PQjsWFX }vojlPQj1T f
k
w}vojkxORQ&voQwgrP#TuQ&fPkS
si
NROPQj|Q!Slp1mskTsS
s(k) = −1
2
γ5Γ
(
1− 1 + 2γ1
v23
)
± iv3k +O(k−1).

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7qvGkVOPQ`Cit1T f1:vowqkxORQ7kgjUi FQmsT f1:mVvŁf1qTskxpCPT f1i!mt+vqPQ!S1j Q!{op1Tsj|Q!SPkxOPik
v23 > (1+2γ1)
 OPQ&f/kVOPQ7kjlifPS RQjlSUQ
t+vqPQ!Si!j QG1it1Q!fliS 8Qmsm;
egf0SlpPttij|X#ffkxORQ+1i!t21T f1 vow=S O1voj kP (i RQmsQ&fPqkxO &vŁfPSUkjliT fPk; FTVvomVi!kT fP t+vqPQ!S$j|Q!{qp1Tuj Q!S/kxOPikkVOPQ
jUi!kgQ!S
r0 := γ5

B  B!o
r1 :=
1
2
γ5Γ

B  B/o
r2 := v
−2
3 γ5Γ(1 + 2γ1)

B  B>q
r3 :=
1
2
v−23 γ5Γ(v
2
3 − 1− 2γ1)

B  B/@o
WRQCvqSUTskgT RQ  ORQj Q
Γ
TVS1QrFfRQ!$WFX C{ 

B  @<Bdif1
v3
WFXNC{ 

B BŁ 
AB  
 8    *+  	M23 Fffff 	
1Qw~voj|Q:1j vo QQ!1T f1 8TskxO(fRpPtQjlTs#i!mFkgQ!SUk}Sl Rim p1Q!St2pCSUkFWRQ=r8:Q!w}voj7kVOPQ)w}j|QQCi!jUitQkgQjUSPNROPQ=Ci!jUit 
QkgQjUSiSSvo#TsikgQ! flTskVO+kVOPQ5#vŁf1SUkgjUi!T fPk
Cit1T f1kgQj t+SGi!j|Qj Q!iSvŁf1i#WRmuX flQmsmRSUQk 7NRORQ5v RQjlimumP1i!t21T f1
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